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Preface

Mathematics majors at Michigan State University take a “Capstone”
course near the end of their undergraduate careers. The content
of this course varies with each offering. Its purpose is to bring
together different topics from the undergraduate curriculum and
introduce students to a developing area in mathematics. This text
was originally written for a Capstone course.

Basic wavelet theory is a natural topic for such a course. By name,
wavelets date back only to the 1980s. On the boundary between
mathematics and engineering, wavelet theory shows students that
mathematics research is still thriving, with important applications
in areas such as image compression and the numerical solution
of differential equations. The author believes that the essentials of
wavelet theory are sufficiently elementary to be taught successfully
to advanced undergraduates.

This text is intended for undergraduates, so only a basic
background in linear algebra and analysis is assumed. We do not
require familiarity with complex numbers and the roots of unity.
These are introduced in the first two sections of chapter 1. In the
remainder of chapter 1 we review linear algebra. Students should be
familiar with the basic definitions in sections 1.3 and 1.4. From our
viewpoint, linear transformations are the primary object of study;
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Vi Preface

a matrix arises as a realization of a linear transformation. Many
students may have been exposed to the material on change of basis
in section 1.4, but may benefit from seeing it again. In section 1.5,
we ask how to pick a basis to simplify the matrix representation of
a given linear transformation as much as possible. We then focus on
the simplest case, when the linear transformation is diagonalizable.
In section 1.6, we discuss inner products and orthonormal bases. We
end with a statement of the spectral theorem for matrices, whose
proof is outlined in the exercises. This is beyond the experience of
most undergraduates.

Chapter 1 is intended as reference material. Depending on
background, many readers and instructors will be able to skip or
quickly review much of this material. The treatment in chapter 1 is
relatively thorough, however, to make the text as self-contained as
possible, provide a logically ordered context for the subject matter,
and motivate later developments.

The author believes that students should be introduced to Fourier
analysis in the finite dimensional context, where everything can be
explained in terms of linear algebra. The key ideas can be exhibited
in this setting without the distraction of technicalities relating to
convergence. We start by introducing the Discrete Fourier Transform
(DFT) in section 2.1. The DFT of a vector consists of its components
with respect to a certain orthogonal basis of complex exponentials.
The key point, that all translation-invariant linear transformations
are diagonalized by this basis, is proved in section 2.2. We turn to
computational issues in section 2.3, where we see that the DFT can
be computed rapidly via the Fast Fourier Transform (FFT).

It is not so well known that the basics of wavelet theory can
also be introduced in the finite dimensional context. This is done
in chapter 3. The material here is not entirely standard; it is an
adaptation of wavelet theory to the finite dimensional setting. It has
the advantage that it requires only linear algebra as background. In
section 3.1, we search for orthonormal bases with both space and
frequency localization, which can be computed rapidly. We are led
to consider the even integer translates of two vectors, the mother and
father wavelets in this context. The filter bank arrangement for the
computation of wavelets arises naturally here. By iterating this filter
bank structure, we arrive in section 3.2 at a multilevel wavelet basis.
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Examples and applications are discussed in section 3.3. Daubechies’s
wavelets are presented in this context, and elementary compression
examples are considered. A student familiar with MatLab, Maple, or
Mathematica should be able to carry out similar examples if desired.

In section 4.1 we change to the infinite dimensional but discrete
setting ¢*(Z), the square summable sequences on the integers.
General properties of complete orthonormal sets in inner product
spaces are discussed in section 4.2. This is first point where analysis
enters our picture in a serious way. Square integrable functions
on the interval [—m, m) and their Fourier series are developed in
section 4.3. Here we have to cheat a little bit: we note that we
are using the Lebesgue integral but we don't define it, and we
ask students to accept certain of its properties. We arrive again at
the key principle that the Fourier system diagonalizes translation-
invariant linear operators. The relevant version of the Fourier
transform in this setting is the map taking a sequence in ¢*(Z)
to a function in L*([—m, 7)) whose Fourier coefficients make up
the original sequence. Its properties are presented in section 4.4.
Given this preparation, the construction of first stage wavelets on
the integers (section 4.5) and the iteration step yielding a multilevel
basis (section 4.6) are carried out in close analogy to the methods
in chapter 3. The computation of wavelets in the context of £*(Z)
is discussed in section 4.7, which includes the construction of
Daubechies’'s wavelets on Z. The generators u and v of a wavelet
system for ¢*(Z) reappear in chapter 5 as the scaling sequence and
its companion.

The usual version of wavelet theory on the real line is presented
in chapter 5. The preliminaries regarding square integrable func-
tions and the Fourier transform are discussed in sections 5.1 and 5.2.
The facts regarding Fourier inversion in L*(R) are proved in detail,
although many instructors may prefer to assume these results. The
Fourier inversion formula is analogous to an orthonormal basis rep-
resentation, using an integral rather than a sum. Again we see that
the Fourier system diagonalizes translation-invariant operators. Mal-
lat’s theorem that a multiresolution analysis yields an orthonormal
wavelet basis is proved in section 5.3. The aformentioned relation
between the scaling sequence and wavelets on ¢*(Z) allows us to
make direct use of the results of chapter 4. The conditions under
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which wavelets on ¢%(Z) can be used to generate a multiresolution
analysis, and hence wavelets on R, are considered in section 5.4.
In section 5.5, we construct Daubechies’s wavelets of compact sup-
port, and show how the wavelet transform is implemented using
filter banks.

We briefly consider the application of these results to numerical
differential equations in chapter 6. We begin in section 6.1 with
a discussion of the condition number of a matrix. In section
6.2, we present a simple example of the numerical solution of a
constant coefficient ordinary differential equation on [0, 1] using
finite differences. We see that although the resulting matrix is
sparse, which is convenient, it has a condition number that grows
quadratically with the size of the matrix. By comparison, in section
6.3, we see that for a wavelet-Galerkin discretization of a uniformly
elliptic, possibly variable-coefficient, differential equation, the
matrix of the associated linear system can be preconditioned to be
sparse and to have bounded condition number. The boundedness
of the condition number comes from a norm equivalence property
of wavelets that we state without proof. The sparseness of the
associated matrix comes from the localization of the wavelet system.
A large proportion of the time, the orthogonality of wavelet basis
members comes from their supports not overlapping (using wavelets
of compact support, say). This is a much more robust property,
for example with respect to multiplying by a variable coefficient
function, than the delicate cancellation underlying the orthogonality
of the Fourier system. Thus, although the wavelet system may not
exactly diagonalize any natural operator, it nearly diagonalizes (in
the sense of the matrix being sparse) a much larger class of operators
than the Fourier basis.

Basic wavelet theory includes aspects of linear algebra, real
and complex analysis, numerical analysis, and engineering. In
this respect it mimics modern mathematics, which is becoming
increasingly interdisciplinary.

This text is relatively elementary at the start, but the level
of difficulty increases steadily. It can be used in different ways
depending on the preparation level of the class. If a long time is
required for chapter 1, then the more difficult proofs in the later
chapters may have to be only briefly outlined. For a more advanced
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group, most or all of chapter 1 could be skipped, which would leave
time for a relatively thorough treatment of the remainder. A shorter
course for a more sophisticated audience could start in chapter
4 because the main material in chapters 4 and 5 is technically,
although not conceptually, independent of the content of chapters
2 and 3. An individual with a solid background in Fourier analysis
could learn the basics of wavelet theory from sections 4.5, 4.7, 5.3,
5.4, 5.5, and 6.3 with only occasional references to the remainder of
the text.

This volume is intended as an introduction to wavelet theory
that is as elementary as possible. It is not designed to be a thorough
reference. We refer the reader interested in additional information
to the Bibliography at the end of the text.

Michigan State University M. Frazier
April 1999
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Prologue: Compression of

the FBI Fingerprint Files

When your local police arrest somebody on a minor charge, they
would like to check whether that person has an outstanding warrant,
possibly in another state, for a more serious crime. To check, they
can send his or her fingerprints to the FBI fingerprint archive
in Washington, D.C. Unfortunately, the FBI cannot compare the
received fingerprints with their records rapidly enough to make
an identification before the suspect must be released. A criminal
wanted on a serious charge will most likely have vacated the area
by the time the FBI has provided the necessary identification.

Why does it take so long? The FBI fingerprint files are stored
on fingerprint cards in filing cabinets in a warehouse that occupies
about an acre of floor space. The logistics of the search procedure
make it impossible to proceed sufficiently rapidly.

The solution to this seems obvious—the FBI fingerprint data
should be computerized and searched electronically. After all, this
is the computer age. Why hasn't this been done long ago?

Data representing a fingerprint image can be stored on a
computer in such a way that the image can be reconstructed with
sufficient accuracy to allow positive identification. To do this, the
fingerprint image is scanned and digitized. Each square inch of the
fingerprint image is broken into a 500 by 500 grid of small boxes,

1



7, Prologue: Compression of the FBI Fingerprint Files

FIGURE 1 Original fingerprint image (Courtesy of Chris Brislawn, Los
Alamos National Laboratory)

called pixels. Each pixel is given a gray-scale value corresponding to
its darkness, on a scale from 0 to 255. Because the integers from 0
to 255 can be represented in base 2 using eight places (that is, each
integer between 0 and 255 corresponds to an 8-digit sequence of
zeros and ones), it takes eight binary data bits to specity the darkness
of one pixel. (One digit in base 2 represents a single data bit, which
electronically corresponds to the difference between a switch being
on or off.) A portion of a fingerprint scanned in this way is exhibited
in Figure ??.



Prologue: Compression of the FBI Fingerprint Files 3

Consider the amount of data required for a single fingerprint
card. Each rolled fingerprint is about 1.5 inches by 1.6 inches, with
500% = 250,000 pixels per square inch, each requiring eight data bits
(one data byte). So each fingerprint requires about 600,000 data bytes.
A card includes all 10 rolled fingerprints, plus 2 unrolled thumb
impressions and 2 impressions of all 5 fingers on a hand. The result
is that each card requires about 10 megabytes of data (a megabyte is
one million bytes). This is still manageable for modern computers,
which frequently have several gigabytes of memory (a gigabyte is a
billion, or 10%, bytes). Electronic transmission of the data on a card
is feasible, although slow. So it is possible for the police to send the
necessary data electronically to the FBI while the suspect is still in
custody.

However, the FBI has about 200 million fingerprint cards in its
archive. (Many are for deceased individuals, and there are some
duplications—apparently the FBI is not good at throwing things
away.) Hence digitizing the entire archive would require roughly 2
x 10'° data bytes, or about 2,000 terabytes (a terabyte is 10'? bytes)
of memory. This represents more data than current computers can
store. Even if we restrict to cards corresponding to current criminal
suspects, we are dealing with about 29 million cards (with some
duplications due to aliases), or roughly 2 x 10'* data bytes. Thus it
would require about 60,000 3-gigabyte hard drives to store. This is
too much, even for the FBI. Even if this large of a data base could be
stored, it could not be rapidly searched. Yet it is not astronomically
too large. If the amount of data could be cut by a factor of about 20, it
could be stored on roughly 3,000 3-gigabyte hard drives. This is still a
lot, but not an unimaginable amount for a government agency. Thus
what is needed is a method to compress the data, that is, to represent
the information using less data while retaining enough accuracy to
allow positive identification.

Data compression is a major field in signal analysis, with a long
history. The current industry standard for image compression was
written by the Joint Photographic Experts Group, known as JPEG.
Many, perhaps most, of the image files that are downloaded on the
Internet are compressed with this standard, which is why they end
in the suffix “jpg” The FBI solicitated proposals for compressing
their fingerprint files a few years ago. Different groups proposing
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different methods responded to the FBI solicitation. The contract
was awarded to a group at the Los Alamos National Laboratory,
headed by Jonathan Bradley and Christopher Brislawn; the project
leader was Tom Hopper from the FBI. They proposed compression
using the recently developed theory of wavelets. An account of this
project can be found in Brislawn (1995).

To see the reason the wavelet proposal was accepted instead of
proposals based on JPEG, consider the images in Figures ?? and ??.
Both contain compressions by a factor of about 13 of the fingerprint
image in Figure ??. Figure ?? shows the compression using JPEG,
and Figure ?? exhibits the wavelet compression. One feature of JPEG
is that it first divides a large image into smaller boxes, and then
compresses in these smaller boxes independently. This provides
some advantages due to local homogeneities in the image, but the
disadvantage is that the subimages may not align well at the edges of
the smaller boxes. This causes the regular pattern of horizontal and
vertical lines seen in Figure ??. These are called block artifacts, or
block lines for short. These are not just a visual annoyance, they also
are an impediment to machine recognition of fingerprints. Wavelet
compression methods do not require dividing the image into smaller
blocks because the desired localization properties are naturally built
into the wavelet system. Hence the wavelet compression in Figure
?? does not show block lines. This is one of the main reasons
that the FBI fingerprint compression contract was awarded to the
wavelet group. We introduce both Fourier compression and wavelet
compression in section 3.3 of this text.

The examples of fingerprint file compression in Figures ?? and
?? show that mathematics that has been developed recently (within
the last 10 or 12 years) has important practical applications.
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FIGURE 2 JPEG compression (Courtesy of Chris Brislawn, Los Alamos
National Laboratory)
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FIGURE 3 Wavelet compression (Courtesy of Chris Brislawn, Los
Alamos National Laboratory)



Background:
Complex
 Numbers and
cmarrex  Tinear Algebra

1.1 Real Numbers and Complex
Numbers

We start by setting some notation. The natural numbers {1, 2, 3, 4, ...}
will be denoted by N, and the integers {...,—-3,—2,—1,0,1,2,3, ...}
by 7Z. Complex numbers will be introduced later. We assume
familiarity with the real numbers R and their properties, which we
briefly summarize here. The basic algebraic properties of R follow
from the fact that R is a field.

Definition 1.1 A field (F,+,-) is a set F with operations +
(called addition) and - (called multiplication) satisfying the following
properties:
Al. (Closure for addition) For all x,y € IF, x + y is defined and is an
element of F.
A2. (Commutativity for addition) x +y =y +x, forall x,y € F.
A3. (Associativity for addition) x + (y + z) = (x +y) + z, for all
x,y z el
A4. (Existence of additive identity) There exists an element in T,
denoted 0, such that x + 0 = x for all x € F.
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A5. (Existence of additive inverse) For each x € T, there exists an
element in IF, denoted —x, such that x + (—x) = 0.

M1. (Closure for multiplication) For all x,y € I, x - y is defined and is
an element of F.

M2. (Commutativity for multiplication) x -y =y - x, for all x,y € FF.
Ma3. (Associativity for multiplication) x - (y - z) = (x - y) - z, for all
xyzel.

M4. (Existence of multiplicative identity) There exists an element in
F, denoted 1, such that1 #0andx-1 =x forallx € F.

MS. (Existence of multiplicative inverse) For each x € F such that
x # 0, there exists an element in F, denoted x~! (or 1/x), such

that x - (x71) = 1.
D. (Distributive law) x - (y +2) = (x-y) + (x - 2), forall x,y,z € F.

We emphasize that in principle the operations + and - in
Definition 1.1 could be any operations satisfying the required
properties. However, in our main examples R and C, these are
the usual addition and multiplication. In particular, with the usual
meanings of 4+ and -, (R, 4, -) forms a field. We usually omit - and
write xy in place of x - y. All of the usual basic algebraic properties
(such as —(—x) = x) of R follow from the field properties. This
is shown in most introductory analysis texts. We assume all these
familiar properties in this text.

An ordered field is a field F with a relation < satisfying properties
01-04. The first two properties state that [F is an ordered set.

O1. (Comparison principle) If x,y € F, then one and only one of the
following holds:

X<y y<zx Y=

O2. (Transitivity) If x, y,z € F, withx < yandy < z, then x < z.

The remaining two properties state that the operations + and -
defined on IF are consistent with the ordering <:
O3. (Consistency of + with <) If x,y,z € F andy < 2z then
X+y<=x+z
O4. (Consistency of - with <) Ifx,y € F, with0 < x and 0 < y, then
0 < xy.



1.1. Real Numbers and Complex Numbers

We assume the fact that R with the usual relation < forms an
ordered field. All of the standard order properties of R (such as, if
0 < x then —x < 0) follow from O1-O4. We assume such basic
facts as needed. We use the standard notations x > y, with the same
meaning as y < x, and x < y (equivalently y > x), meaning that
either x < yor x = y.

For x € R, we denote the absolute value, or magnitude, of x by
|x|, where |x|] = x if x > 0 and |x| = —x if x < 0. Then |x| > 0 for all
x € R, and |x|] = 0 if and only if x = 0.

Lemma 1.2 (Triangle inequality in R) Ifx,y € R, then
X+ yl < %[+ lyl.

Proof
Exercise 1.1.1 ||

We interpret |x — y| as the distance between the points x and y in
R. (See Exercise 1.1.2). This leads to the notion of the convergence
of a sequence.

Definition 1.3 Let M € Z and x € R. A sequence {x,}°2,, of real
numbers converges to x if, for all € > 0, there exists N € N such that
lx, —x| < eforalln > N. A sequence {x,},>,, converges if it converges
to some x € R.

Definition 1.4 A sequence {x,},~,, of real numbers is a Cauchy

sequence if, for all € > 0, there exists N € N such that |x, — x| < €
foralln,m > N.

The rational numbers QQ form an ordered field. The property that
distinguishes R is its completeness. In many texts, this is formulated
as the least upper bound property, namely that every nonempty set
of real numbers that is bounded above has a least upper bound. The
least upper bound property implies the following result, which we
assume.

Theorem 1.5 (Cauchy criterion for convergence of a sequence)
Every Cauchy sequence of real numbers converges.

The Cauchy criterion allows us to prove that a sequence
converges without knowing the value of the limit. This is especially
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useful when we consider series. The converse of the Cauchy
criterion (i.e., that any convergent sequence is Cauchy) is true also
(Exercise 1.1.3).

We have seen that R (with the usual addition and multiplication)
forms a complete ordered field. This characterizes R: any other
complete ordered field is essentially the same as R except for the
choices of names or notation given to the elements and operations
(more precisely, any other complete ordered field is “isomorphic” to
R). We will not prove this.

Most of the work in this text is done over the complex numbers C.
The complex numbers also form a complete field (but not an ordered
field; see Exercise 1.1.4). One (somewhat mysterious) way to define
Cis to assume the existence of some sort of generalized number (not
areal number) i that satisfies i* = —1. Then C is defined as the set of
all numbers of the form z = x+iy where x, y € R. We then give C the
usual addition and multiplication operations: for x1, x;, y1,y2 € R,

(01 +iy1) + (X2 +1y2) = (v +x2) +i(y1 + y2) (1.1)

and

(01 +iy1) - (X2 + Y2) = (X2 — Yiy2) + i(xy2 + xuy1), (1.2)

which is what you get if you formally multiply things out and use
the relation i* = —1. (To be precise we should emphasize that we are
defining the operations 4+ and - on C in the left side of equations (1.1)
and (1.2), using the usual +, —, and - defined on R on the right side.)
As before, we usually write zw instead of z - w. The only problem is
that none of this makes sense if the hypothesized number i does not
exist.
The simplest way around this is to let

C=RxR={xy):xycR)
with operations + and - defined by
(x1,y1) + (X2, Y2) = (%1 + X2, Y1 +Y2) (1.3)
and

(%1, Y1) - (%2, Y2) = (X2 — Y1Y2, X1Y2 + X2U1), (1.4)
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where the +, —, and - on the right side of equations (1.3) and (1.4)
are the standard operations on R. There is no question that these
definitions make sense. Note that equation (1.3) is essentially (1.1)
and equation (1.4) is essentially (1.2).

Observe that

R x {0} ={(x,0):x e R}

is a copy of R; that is, the map (x,0) — x is a one-to-one
correspondence that identifies R x {0} with R. The equations

(*1,0) + (x2,0) = (x1 +x2,0)
and
(Xl,O) . (Xz, 0) = (Xle —-0- O, X1 0 +X2 . O) = (Xle,O)

show that the restrictions of the operations (1.3) and (1.4) to R x {0}

are consistent with the usual operations on R. Thus R is imbedded in

C in a way that preserves the addition and multiplication operations.
By equation (1.4),

(0,1)-(0,1)=(0-0—1-1, 0-140-1)=(—1,0).

Hence the equation z° = (—1, 0) has a solution (0, 1) in C (actually
two solutions, the other being (0, —1)), even though it has no solution
in R x {0}. Since we identify (-1, 0) € C with —1 € R, this says that
the equation z2 = —1 has a solution in the larger set C even though it
has none in R. There is nothing inconsistent or even very surprising
about this.
Now we define
i=(0,1).
For x € R, we write x in place of (¥, 0). Note that for y € R,

y=yi=(0-(01)=(0y),
by equation (1.4). Thus we obtain
Y =x0+0Oy=x+iy.

In this notation, equations (1.3) and (1.4) give us (1.1) and (1.2), and
we are back where we started, but without fear of inconsistency.
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It is important to go through this exercise in notation once.
However, in practice nobody uses the notation (x,y) for complex
numbers, preferring to keep that for the vector space R? (see section
1.3). We follow the standard terminology here: we call the set of
complex numbers C, forgetting about C forever, and we denote the
elements of C in the usual way, namely

z=x+1y, wherexyeR.

We call x the real part of z, and y the imaginary part (a particularly
poor name, undoubtedly coming from a failure on somebody’s
part to understand the construction we have just considered). We
sometimes write

Rez and Imz

to denote the real and imaginary parts of z, respectively.

We regard points z = x4 iy as points in the plane, where one axis
(the real axis) contains the points ¥ € R, and the perpendicular axis
(the imaginary axis) contains the points iy, for y € R. In this plane
(the complex plane), the point x 4 iy occupies the same position that
(%, y) holds in R?.

Definition 1.6 Let z = x+ iy € C. Define the complex conjugate z
of z by
Z=x—1Yy,
the modulus squared of z by
|2

21* = 22 = (x + iy)(x — iy) = ** + Y7,

and the modulus or magnitude |z| of z by
2l = V212 = V¥ + 3.
These definitions yield the following properties.
Lemma 1.7 Suppose z,w € C. Then

=z

’

[N

= iz — =z
Rez ===, Imz= =7,

z+w=z4+w, z-w=z-w,

1zl =lzl, |zw| = |z[lw],
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|Rez| <|z|, and |Imz| <|z|.

Proof
Exercise 1.1.5. ]

When proving statements about complex numbers, students
often first reformulate these statements in terms of real numbers.
This temptation should usually be avoided because the proof in
complex notation is often simpler.

Lemma 1.8 (Triangle inequality for C) Suppose z, w € C. Then
|z +wl < |z| + [wl.

Proof
Exercise 1.1.6. ||

Similarly to the case for R above, we think of |z—w| as the distance
in the complex plane between the points z and w (see Exercise 1.1.7).
Note that if z; = x; + iy; and z; = x; + iy, then

21 — 22 = Ix — 2 + iy —y2)l = V(x4 — 22+ (1 —v2)?

which is the same as the usual distance in R? between the points
(%1,41) and (x2, y2).

We can now check that (C, 4+, ) is a field (Exercise 1.1.8). The
additive identity is 0 = 0 4+ i0, and the multiplicative identity is
1 = 1+10. The additive inverse of z = x 41y is —z = —x —iy. To find
the multiplicative inverse of a nonzero z = x + iy, we guess

1 1

Z Z

z X —1y X . -y
= — = = 1 .

|Z|2 XZ +y2 XZ +y2 XZ +y2
This does not make sense yet because we have not defined the
division of two complex numbers, but we can check that the complex

number

NI | NI

X + Y
1
XZ +y2 XZ +y2

is in fact the multiplicative inverse of x + iy (assuming x + iy # 0).
This determines z~! for nonzero z € C, and we define
Z 1

—=z-w forz,w e Cwithw # 0.
w
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Lemma 1.9 Suppose z, w € C with w # 0. Then

Z Z
Z)=-%
and
z |z|
2=
Proof
Exercise 1.1.9. u

The definitions relating to the convergence of a sequence of
complex numbers are formally the same as Definitions 1.3 and 1.4.

Definition 1.10 Let M € N and z € C. A sequence {z,}>,, of
complex numbers converges to z if, for all € > 0, there exists N € N
such that |z, — z| < € for alln > N. We say {z,},>,, converges if it
converges to some z € C.

The notations lim,,_, 1o 2z, = z and z, — z are used to indicate
that {z,},>,, converges to z.

Definition 1.11 A sequence {z,}52 ,, of complex numbers is a Cauchy
sequence if, for all € > 0, there exists N € N such that |z, — z,,| < €
for allm,m > N.

This leads to the Cauchy criterion for the convergence of a
sequence of complex numbers.

Theorem 1.12 (Completeness of C) A sequence of complex numbers
converges if and only if it is a Cauchy sequence.

Proof
Exercise 1.1.10. ]

A sequence {x,}12, of real numbers can be regarded as a
sequence of complex numbers. However, it is easy to see that the
sequence converges in the real sense if and only if it converges
in the complex sense, with the same limit (compare with Exercise
1.1.10). Hence there is no ambiguity in the definitions, and we write
lim,,_, o0 X, without specifying the field in which convergence takes
place.
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Exercises

1.1.1.
1.1.2.

1.1.3.

1.1.4.

1.1.5.
1.1.6.

1.1.7.

1.1.8.

1.1.9.
1.1.10.

Prove Lemma 1.2.

Let X be a set. A metric, or distance function, on X is a map

d: X x X — {t e R:t> 0} satisfying the properties:

Mel. (Symmetry) d(x,y) = d(y, x) for all x,y € X;

Me2. (Nondegeneracy) d(x,y) = 0 if and only if x = y;

Me3. (Metric triangle inequality) d(x,z) < d(x,y) + d(y, z) for
all x,y,z € X,

A metric space (X, d) is a set X with a metric d.
For x,y € R, define d(x,y) = |x — y|. Prove that d is a

metric on R.

Prove that a convergent sequence {x,},-,, of real numbers

is a Cauchy sequence.

Let F with the relation < be an ordered field.

i. Suppose x € F and x # 0. Prove that x* > 0.

ii. Prove that there is no ordering < on the field C that
makes C an ordered field. Hint: Suppose by contradiction
that < is such an ordering. Use part i to obtain 0 < —1.
Argue that this is a contradiction, keeping in mind that
< is not necessarily the usual ordering when restricted
to R.

Prove Lemma 1.7.

Prove Lemma 1.8. Suggestion: Do not write it out in terms

of the real and imaginary parts. Instead, prove that

Iz +w|* = (z+w)(Z + w) = |z|> + 2Re(Zw) + |w/|?

and use Lemma 1.7.

For z,w € C, define d(z, w) = |z — w|. Prove that (C,d) is a
metric space (see Exercise 1.1.2 for the definition). Draw a
picture in the complex plane to show why condition Me3 in
Exercise 1.1.2 is called the triangle inequality.

Verify that C with the operations (1.1) and (1.2) is a field by
checking properties A1-A5, M1-M5, and D.

Prove Lemma 1.9.

Let {z,}22 ), be a sequence of complex numbers. For each n,
let z, = x,, + iy, where x,,, y, € R.
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i. Prove that {z,}22,, is a Cauchy sequence of complex
numbers (Definition 1.11) if and only if {x,})>,, and
{yn}o2,, are Cauchy sequences of real numbers (Defi-
nition 1.4).

ii. Prove that {z,}°,, converges to some z = x + iy € C
(Definition 1.10), where x,y € R, if and only if {x,}°2,,
converges to x and {y,}52,, converges to y (Definition
1.3).

iii. Assuming Theorem 1.5, prove Theorem 1.12.

1.2 Complex Series, Euler’s Formula,
and the Roots of Unity

We begin with series of complex numbers. Particular cases of interest
are geometric series and the power series for sinz, cosz, and €”.
Using these we establish Euler’s formula ¢ = cos 641 sin 6. This will
lead to the polar representation of complex numbers and allow us
to calculate N roots of complex numbers, especially the N “roots
of unity,” the roots of the number 1. In chapter 2 we write Fourier
expansions of vectors using the complex exponentials introduced
here.

We begin with the definition of convergence of a series of
complex numbers, which is formally the same as for a series of real
numbers.

Definition 1.13 A series of complex numbers, or complex series,is
an expression of the form



1.2. Complex Series, Euler’s Formula, and the Roots of Unity 17

be the k™ partial sum of the series. If the complex sequence {sk} oo
converges to some s € C (Definition 1.10), we say the series Y e, Zn
converges to s or y o>z, = s. If the sequence {si}32,, does not
converge, we say the series diverges.

This definition together with the Cauchy criterion for conver-
gence of a complex sequence (Theorem 1.12) imply that a series
converges if and only if its partial sums form a Cauchy sequence.

Lemma 1.14 (Cauchy criterion for convergence of a series) A
series of complex numbers y_ -\, z, converges if and only if for every
€ > 0, there exists an integer N such that |y i, z,| < e for all

m>k > N.

Proof
Exercise 1.2.1. |

Corollary 1.15 (n™' term test) If a complex series Y oo, Zn
converges, then limy,_, 1o 2z, = 0.

Proof
Exercise 1.2.2. ||

Corollary 1.16  (Comparison test) Let Y .-, z, be a complex series
and Y02\, a, a series of nonnegative real numbers. Suppose that there
exists an integer N such that |z,| < ay, for alln > N, and that Y 2, a,
converges. Then Y oo\ Z, CONVeErges.

Proof
Exercise 1.2.3. ||

If the elements of the series are real numbers, they can be
regarded as complex and the definitions of convergence for real and
complex series are consistent. So from now on we use the term
“series” without specifying whether the terms are real or complex.

Definition 1.17 A series Y .-, z, converges absolutely if Y oo . ||
converges.

The comparison test shows that an absolutely convergent series
is convergent. If a series is convergent but not absolutely convergent,
reindexing the terms can yield a series converging to a different



18 1. Background: Complex Numbers and Linear Algebra

value (Exercise 1.2.4). This cannot happen with an absolutely
convergent series.

The Cauchy criterion and the comparison test enable us to
determine that a series converges without determining its value.
It is rare that a series can be exactly evaluated. Geometric series are
one of the exceptions.

Definition 1.18 A geometric series is a series of the form

w ~
Zz”:l—l—z—i—zz—i—zs—{—---,

n=0
for some z € C.

Note that the partial sum of the geometric series is
sk=1+z+z22+22+2 + -+ 425

This is one of the few cases in which the partial sum can be evaluated
in closed form. To do this, observe that

(1—Z)sk:1+Z+Zz+---+zk—(z+zz+--~+zk+zk+l).

All terms on the right cancel out except the first and the last (this is
called a telescoping sum), so

(1 —2)sp =1 — 2.
We can divide by 1 — z (as long as it is not 0) to obtain

1 — Zk+1

k
sk:Zz”:1+z+zz+---+zk:ﬁ forz#1. (1.5

n=0

When z = 1, the definition yields sy = k+ 1. Using relation (1.5), we
obtain the following result.

Theorem 1.19 (Geometric series test) Let z € C. The geometric
series Yy o, 2" converges to 1/(1 — z) if |z| < 1, and diverges if |z| > 1.
The convergence for |z| < 1 is absolute.

Proof
Exercise 1.2.5. ||

We remark that relation (1.5) is a useful formula that we apply
for other purposes in chapter 2. We now consider power series.
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Definition 1.20 Fix a point zo € C. A power series about z is a
series of the form

00
>tz -z
n=0

where a,, € C for each integer n > 0.

A power series has a radius of convergence, which is determined
by the coefficients {a,} by the formula in Exercise 1.2.7. A function
f defined on an open set O C C (a set having the property that any
point in it has a ball of positive radius around it that is contained in
the set) is said to be analytic it at every point z € O, f is represented
by a power series about z with a positive radius of convergence. We
barely touch the rich subject of complex analysis, the study of analytic
functions.

From calculus we recall that

XZVL-H 2n q
sinx = — cosx = — and ¢* = —
;( Y Gy (2n+ 1) Z( ' (2 n)!’ Z
(1 6)
in the sense that these series converge absolutely to the stated
function values at every x € R. Because these series converge
absolutely, the series

00 00 00
VZVH—I n "

d
HZ; 2n+ 1) HZ; 2n)!’ an — n!

converge for every real number r. By replacing » with |z|, we see
that the complex series

2n+1 o0 00

> n Z z"
2 (=1 @2n+1) ; (2 ) and Ll

n=0

converge absolutely for all complex numbers z. This can also be seen
by the ratio test (Exercise 1.2.6). In any case, the following definition
makes sense.

Definition 1.21 Forall z € C, let

0 2n+1 o0 ZVL o Pk
sinz=)» (=1)'——, cosz= ) (—-1)" ,ande’ = ) —.
HZ; 2n+ 1) ; (2n)! — n!

(1.7)



2(0 1. Background: Complex Numbers and Linear Algebra

When z is real, relations (1.6) and (1.7) agree. So Definition 1.21
extends the usual sine, cosine, and exponential functions to all of
C. Many of the key properties of the real-valued sine and cosine
functions in relation (1.6) continue to hold in the complex case. For
example, relation (1.7) implies that

cos(—z) =cosz and sin(—z)= —sinz, (1.8)

for all z € C. Equation (1.7) leads to Euler’s formula, a very elegant
and useful identity.

Theorem 1.22  (Euler’s formula) For every z € C,
¢“ = cosz +isinz. (1.9)

Proof
We apply relation (1.7) with iz in place of z and collect the even and
odd powers of z:

(iz)* | (i2)* (=)' | (2)° +(iZ)6

eizzl iz
Tt 2 + 3! + 4! + 51 6! +
i?z2 itz* 85 323 %25
(b b )iz — e
( 2 4! 6! )+ 3! 5! )
) zz+z4 Z6+ 4 Z3+Z5
— - — - — iz — — - — ..
( 2 4 6! ) ( 3! 5! )

=cosz 4 isinz.
[ |
This remarkable formula includes curious facts such as —¢”™ = 1.
Applying Euler’s formula with —z in place of z and using equation
(1.8) gives the alternate formula

¢ ¥ =cosz —isinz. (1.10)

Adding and subtracting equations (1.9) and (1.10) gives
iz + e—iz eiz _ e—iz
cosz:Tand sinz:T. (1.11)
i

Although these formulae hold for all complex numbers z, our
main interest in them is in the case when z is real. For 8 € R, we
have
i0

0

¢ = cos@+isinf, e =cosh —isin, (1.12)
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cosf = w, and siné = ?. (1.13)
For 6 € R, equation (1.12) implies that
¢ = ¢ (1.14)
and
1€ = 1. (1.15)

Our main interest in the next result is in the special case where
z and w are purely imaginary, which yields

ee? =Y forall 6,¢eR. (1.16)

This case can be proved using equation (1.12) and elementary
trigonometry (Exercise 1.2.9(1)).

Lemma 1.23 Suppose z, w € C. Then

6z-i-w — 6z ew.

Proof
Exercise 1.2.9(ii). u

As an application of equation (1.16), note that for 6 € R and
n €N,

(€ =e™. (1.17)

This equation can be used to obtain elementary trigonometric
identities easily. For example, it is clear that by iterating the addition
formulae for sine and cosine, we can write sin n6 and cos nf in terms
of sinf and cos6 (in fact as polynomials in sinf and cosf). But
equation (1.17) gives a faster way.

Example 1.24
Express sin 40 and cos 46 in terms of sin 6 and cos 6.

Solution
First,

e¥% — cos 40 + i sin 46.
But we also have

e = (e")* = (cosf + isin H)*.
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By expanding this expression, using i* = —1, we have
(cosf +isin#)* = cos* @ + 4icos® sinh — 6 cos* A sin? §
— 4icosfsin’® @ + sin* 6.

By equating the real and imaginary parts of this last expression with
cos 46 and sin 460, we have

cos 46 = cos* 8 — 6 cos? 6sin? 6 + sin* 6,
and

sin 40 = 4 cos® @ sin @ — 4 cos 6 sin® 6. n

Further, equation (1.12) leads to the polar representation of
complex numbers. Suppose z = x + iy € C, with x,y € Rand z # 0.
The point (x//*2 + y?, y/+/x* + y?) has distance 1 from the origin
in R? and so lies on the unit circle. Hence there exists an angle 6
(in fact infinitely many of them) such that cosf = x//x* + y? and

sinf = y//x?> + y?. Using equation (1.12),

x4+ 1y X .Y
z = |z|—— = |z| +1
12| N N e

= |z|(cos@ +isinf) = |z|€”.

By letting » = |z|, we have

0

z=re" =rcosf +irsind.

So re" occupies the same point in C that the point with polar
coordinates (7, §) occupies in R?. We call ¢ the polar representation
of z. We call 6 the argument of z, written 6 = argz. Thus r is the
distance in C from z to the origin, and 0 is the angle, in radians,
between the positive x-axis and the ray from 0 to z. For z = 0, we
define the polar representation to be r = 0 and we do not define
arg 0.

As in the case of polar coordinates in R?, the polar representation
of anonzero z € Cis not unique. By equation (1.12) and the fact that
the sine and cosine functions have period 27, we have

rel? — 1ol 0+2km) (1.18)
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for any integer k. So argz is determined only up to adding 2krw for
some k € Z. If we select argz so that —7 < argz < m, we call this
the principal value of the argument.

The polar representation gives geometric interpretation to the
multiplication of complex numbers. Suppose z, = re? and z, =
r,€%. Then

i,

212y = e Vzelgz = 7’17261(91+92),

by equation (1.16). Thus the modulus of the product is the product
of the moduli (which we already knew by Lemma 1.7) and the
argument of the product is the sum of the arguments. In other words,
the effect of multiplying a complex number z by re? is to multiply
the distance from z to the origin by r and to rotate z by an angle of
0 radians in the counterclockwise direction.
The polar representation makes the computation of positive
integer powers of complex numbers easier, since, for n € N,
(Veie)n — Vn(eié))n — Vneine

by equation (1.17).

Example 1.25
Find (1 +1)*.

Solution
One polar representation of 1 + i is v/2¢™*, since |1 4 i| = +/2 and
(cosm/4,sinm/4) = (1/+/2,1/+/2). So

. 3 3
= 222574 = 22/2 (cos e +1isin T) = —2"" 2%
|

For comparison, imagine trying to do this problem directly.

The polar representation also allows us to find roots of complex
numbers. First consider an example, which we will solve below after
some discussion.

Example 1.26
Find all 5™ roots of 2+ 2+/3i; that is, find all complex numbers a +ib
such that (a + ib)° = 2 + 24/3i.
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If we multiply out the left side of the equation (a + ib)®> =
2 + 24/3i and set the real and imaginary parts equal, we obtain two
5" degree polynomial equations in two variables a and b to solve
simultaneously. Even one 5" degree polynomial equation in one
variable cannot be solved by a general algebraic formula (by a deep
theorem in Galois theory, a topic in abstract algebra), so another
approach must be found.

Consider a nonzero complex number z. We guess its N roots
(for N € N) as follows. Let r = |z| and let 6 be a value of arg z such
that 0 < 6 < 2m. We use equation (1.18) to write z = re¢? in the
following N ways:

el = pl0F2m) — i0+4m) | i(0+2(N=1)m) (1.19)

Our guesses for the N roots of z are
{VI/NGIQ/Nr Vl/Nel((?wLZn)/N’ Tl/Nel(9+4n')/Nr o 71/N61(9+2(N—1)n)/N}

(1.20)
or, more concisely,

{;,1/Nei(9+2kn)/N}§€\’:—01, (1.21)

It is easy to check that each of these values is an N root of z: by
equations (1.17) and (1.18),

(VI/N 6i(9+2kn)/N)N i(0+2kn) _ 4

=7e = Z.

Note that although the values in equation (1.19) are the same, the
arguments in the set (1.20) are distinct and lie between 0 and 27
(including perhaps 0 but not 27). Hence the N values in the set
(1.20) are distinct. (If we extend our list in equation (1.19) by adding
the next possibility re'®™2N¥™) | this would give one more term in the
set (1.20), namely r'/Nel@+280)/N) wwhich would be the same as the
first term r/Ne® N by equation (1.18).) In fact, a general result (see
Exercise 1.2.16) shows that the equation zV¥ = w (or any polynomial
equation of degree N) can have at most N distinct solutions z. So the
N distinct N roots of re? in the set (1.20) or (1.21) are a complete
list.

One might think that because the N expressions in equation
(1.19) are equal, taking their N'* roots should imply that the
expressions in the set (1.20) are equal, which they are not. The point
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is that there is no such thing as the N root of a complex number
z (unless z = 0); there are instead N different complex numbers
whose N™® power is z.

Solution to Example 1.26
The polar representation of 2 + 2+/3i is 4¢™/%. Thus we can write
2 + 24/3i five ways as

4ei7r/3 _ 461'771/3 _ 461'1371/3 _ 4ei19n/3 _ 461'2511/3

Hence the 5™ roots of 2 + 24/3i are:
(’/Zei”/ls, «5/2617;1/15’ 5 461'1371/15’ 3/26119:1/15’ and /4¢257/15

Using equation (1.12), we can write these in the form a + ib (e.g.,
V4e™5 = J4cos(mw/15) + ix/4sin(w/15) ~ 1.2906735 + 27434111,
determined by using a calculator). |

The theory of roots in C is much simpler than the theory in R.
In R, a positive number has 2 real N*! roots if N is even and one if
N is odd, whereas a negative number has no real roots if N is even
and one if N is odd. In C, every nonzero complex number has N
different N roots. This is a typical phenomenon in mathematics:
from the right perspective, the situation simplifies.

For our purposes, the most important roots are the N roots of
unity, that is, the N roots of the number 1. By the procedure we
have just considered, these are

{ ezmk/N}kN:—01 -, 62m’/N’ 64m’/Nr L 62(N—1)m’/N}. (1.22)
We conclude this section with a brief discussion of the
fundamental theorem of algebra.

Definition 1.27 A polynomial of degree N > 0 is a function P of
the form
P(Z) = aNZN + aN_lzN_l + -4+ azZZ + a1z + Ao,

wherea; € C, fori =0,1,2,..., N, and ay # 0. We call ay the leading
coefficient of P. A root of P is a complex number a such that P(a) = 0.

We have seen that for a nonzero w € C, the polynomial zV — w
has a root, in fact N of them. This is a special case of Theorem
1.28. We assume this result because its proof is outside the scope of
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this introductory chapter (it follows easily from a result in complex
analysis called Liouville's theorem, for example).

Theorem 1.28 (Fundamental theorem of algebra) Let P be a
polynomial of degree 1 or more. Then P has a root in C.

This theorem was proved by Gauss in his doctoral dissertation.
It implies that any polynomial factors completely over C.

Corollary 1.29 Let P be a polynomial of degree N > 1, with leading
coefficient ay. Then there exist complex numbers zy,zy,... Zn (not
necessarily distinct), such that

P(z)y=an(z—21)(z2 —22)---(2 — zn).

Proof
Exercise 1.2.16. ||

Exercises

1.2.1. Prove Lemma 1.14.

1.2.2. Prove Corollary 1.15.

1.2.3. Prove Corollary 1.16.

1.2.4. A series of complex numbers is conditionally convergent if it
is convergent but not absolutely convergent. Let Y p-, ax be
a conditionally convergent series of real numbers. Let o be
an arbitrary real number. Show that there is a reindexing
{az0)}ie, of the sequence {ax}2, (this means that 7 is a
permutation of the index set N, i.e., a 1-1, onto map from
N to N) such that the reindexed series Z;; (k) CONVETZES
to a. Hint: Since Zi’;l ay converges, limy_, 100 ax = 0. Since
Y 1o, ax does not converge absolutely, the series of positive
terms and the series of negative terms in {ax} must each
diverge. List the positive terms in decreasing order (call
these {bx}) and the negative terms in order of decreasing
magnitude (say {cx}). Form the rearranged series by taking
enough bys, in order starting at by, until their sum is above «.
Then add enough cs, starting at ¢; and proceeding in order,
until the sum is below «. Then add more bys, starting from



Exercises 2 7

1.2.5.

1.2.6.

1.2.7.

1.2.8.

where you left off before, until the sum is above «. Keep
going back and forth, stopping each time as soon as the sum
crosses the target value «. The remaining bys and cs always
have an infinite sum, so one can always add enough to cross
over the value «. Show that since the sequences {b;} and {ci}
converge to zero, the series formed this way converges to .
Prove Theorem 1.19. Suggestion: for divergence, apply
Corollary 1.15.

(Ratio test) Let Y -, z, be a series and suppose that

Zn+1

lim = p exists.
n—odo

Zn

i. Prove thatif p < 1, then ) o, z, converges absolutely,
whereas if p > 1,> 0 z, diverges. Hint: Make a
comparison with a geometric series and apply Corollary
1.16. Assume the fact that the sequence {r"},>, diverges
ifr > 1.

ii. Give an example of a convergent series for which p =1
and a divergent series for which p = 1. Thus the ratio
test gives no conclusion when p = 1. You can assume
the fact that ) 1/n? converges if and only if p > 1.

(Radius of convergence) Consider a power series

o0
Z an(z — 20)".
n=0

Let R = 1/lim sup,_, o (lax|"’"), where if the denominator is
0, R is interpreted as co, whereas if the denominator is oo,
R is interpreted as 0. Prove that ) 2, an(z — zo)" converges
absolutely for |z —zg| < R and diverges for |z —zy| > R. This
R is the radius of convergence of the series. The hint is the
same as for Exercise 1.2.6 although the solution is different.
In the proof of Theorem 1.22, we implicitly used the fact
that if Y 02 z, and Y -, wy converge, then Y 2 (2, + wy)
converges and

o.¢] x (o.¢]
2 Gt wn) =) zut ) wa
n=0 n=0 n=0
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Prove this and explain how it was used in the proof of Euler’s
formula (i.e., what were z, and w,?). In addition, we used
the fact thatif ) .-, z, converges and « € C, then Y .- az,
converges and

Prove this also.
1.2.9. 1i. Proveequation (1.16). Hint: recall the addition formulae:
cos(f + ¢) = cosé cosg — sinfsing and sin(f + ¢) =
sin 6 cos ¢ + cos 6 sin .
ii. Prove Lemma 1.23. Hint: ¢t% = > (z + w)"/n! by
definition. Expand (z +w)" using the binomial theorem.
Then interchange the order of summation.

1.2.10. Suppose 6 € R. Express sin 50 and cos 50 in terms of sin 6
and cosé.

1.2.11. Write each of the following complex numbers in the form
a + ib, with a,b € R, where your answer is stated without
using the trigonometric functions:

i 631'71/2

ii. e
iii. e
iv. 3¢7m/4

V. 56—51'7r/6
Vi, 2g—327i/3

1.2.12. Express the following complex numbers in polar form re'

with7 > 0and 0 <6 < 27 :
i 444

ii. 24/3 — 2i

ifi. —3 + 3+/3i

iv. —/15 — /51,

1.2.13. Find (+/3 +1)'”. Write your answer in the form a + ib, with
a, b € R, without using the trigonometric functions.

1.2.14. Find all cube roots of —2 + 2i. Write your answers in the
form a + ib with a, b € R. Pick one of your answers (your
choice) and check it by cubing it directly (i.e., check without

17mi
27i/3

0

’
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using the polar representation). Remark: you can use your
calculator to get the answer to high accuracy, but in this case
you can get the exact answers using the addition formulae
(see Exercise 1.2.9) and writing integer multiples of 1/12
as sums of integer multiples of 1/3 and 1/4, for example,
1/12=1/3—1/4.

1.2.15. Usinga calculator, find all 4" roots of 34-4i to several decimal

places accuracy.

1.2.16. 1i. (Factor theorem) Let P be a polynomial and let a € C.
We say z — a divides P, or z — a is a factor of P (written
(z—a)|P), if there exists a polynomial Q such that P(z) =
(z — a)Q(2). Prove that (z — a)|P if and only if P(a) = 0;
that is, z — a is a factor of P if and only if a is a root
of P. Hint: The “only if” direction is immediate. For the
“if” direction, the result follows easily from the division
algorithm for polynomials, if you are familiar with that.
If not, a more elementary proof can be obtained by first
showing that (z —a)|(zX — a*) for any integer k > 1. (This
can be proved by a slight generalization of the argument
leading up to equation (1.5), which is the special case
a = 1.) Then writing out P(z) — P(a) leads to the general
result.

ii. Prove Corollary 1.29.
iii. Prove that a polynomial of degree N can have at most N
distinct roots.

1.3 Vector Spaces and Bases

We work with the vector space C" in chapters 2 and 3. It is
similar to the more familiar space R" except that its vectors have
complex components. Later we are concerned with certain infinite
dimensional vector spaces. To give a unified treatment, we start here
with the general definition of a vector space. Then we discuss the
span of a set of vectors, linear independence, and bases for vector
spaces.
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Roughly, a vector space V over a field F is a set of objects (called
vectors) for which two operations are defined, namely addition
of vectors and multiplication of vectors by field elements (called
scalars), such that these operations satisfy certain natural properties.
The general definition of a field was given in Definition 1.1, but the
only examples we use here are R and C.

Definition 1.30 Let [F be a field. A vector space V over F is a set with
operations of vector addition + and scalar multiplication - satisfying
the following properties:
Al. (Closure for addition) For all u,v € V,u + v is defined and is an
element of V.
A2. (Commutativity for addition) u +v =v+u, forallu,v € V.
A3. (Associativity for addition) u + (v + w) = (u +v) + w, for all
u,v,wev.
A4. (Existence of additive identity) There exists an element in 'V,
denoted 0, such thatu+0=uforallu e V.
A5. (Existence of additive inverse) For each u € V, there exists an
element in V, denoted —u, such that u + (—u) = 0.
M1. (Closure for scalar multiplication) For alla € Fandu € V,a - u
is defined and is an element of V.
M2. (Behavior of the scalar multiplicative identity) 1 - u = u, for all
u € V, where 1 is the multiplicative identity in F.
Ma3. (Associativity for scalar multiplication) a - (B - u) = (ap) - u, for
ala,BeFandu e V.
D1. (First distributive property) o - (u +v) = (o - u) + (e - v), for all
aceFanduveV.
D2. (Second distributive property) (e + B) - u = (e - u) + (B - u), for
ala,BeFandu e V.

Properties A1-A5 guarantee that addition behaves reasonably.
The field properties tell us that the scalars themselves behave
reasonably. Properties M1-M3 and D1-D2 state that scalar multi-
plication is compatible with vector addition. We usually omit the
symbol - for scalar multiplication, writing au instead of « - u.
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Example 1.31
R". The field F in this example is R. Let R" be the set of all n-tuples
of real numbers, that is, all

X1
X2
X = ,
Xn
where x1, X3, X3, . .., X, € R. Vector addition and scalar multiplication
are defined in the usual way: fore €e Rand x;,y; e R,i=1,2,... n,
X1 (024} X1 U X1 + U1
X2 [62.4)] X Y2 Xy + Y2
o ) = ) and . + . = )
Xn aXn Xn Yn Xn + Yn

It is straightforward to check that with these operations, R" is a vector
space over R.

Example 1.32
C". Here the field IF is C. Let C" be the set of all n-tuples of complex
numbers, that is, all

Z1
)
Z = . )
Zﬂ
where 2y, 23,23, ...,2, € C. We call z1, 2, . . ., z, the components of
z.Forae Candz;,w; € C, fori=1,2,... n, let
Z1 oz V4 un zZ1 +un
Zy (097) Zy wy Zy + Wy
o . = . and . + . =
Zn QZyn Zn Wn Zn + W

It is easy to check that C", with these operations, is a vector space
over C.
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In these examples, the vector space elements, or vectors, are of
the type encountered in calculus. In general this may not be the
case; see Exercise 1.3.1(1) and the following.

Example 1.33
Let[0,1] = {x €e R: 0 < x < 1}. The field is C in this example. Let V
be the set of all complex-valued functions on [0, 1], that is,

V=1{f:[0,1]— C}.

We define addition in the usual way: for f, g € V, f +g is the function
on [0, 1] defined by

f +8)(¥) = f(x¥) +2(x).

Scalar multiplication is naturally defined also: for« € C and f € V,
af is the function on [0, 1] such that

(@f)(¥) = af ().
Then V is a vector space over C (Exercise 1.3.1(ii)).

Definition 1.34 Let V be a vector space over a field F, let n € N,
and let v1, vy, ..., v, € V. A linear combination of vy, vy, ..., U, is any
vector of the form

n
E V] = oV + Uz + - -+ auUy,
j=1
where ay, oy, ..., a, € F.

Note that our definition requires a linear combination to be a
finite sum.

Definition 1.35 Let V be a vector space over a field F, and suppose
U C V. The span of U (denoted span U) is the set of all linear
combinations of elements of U. In particular, if U is a finite set, say

U = {ulr qu . 'un}r
then

n
spanU = Zajuj:aj eFforallj=1,2,...,n
j=1



1.3. Vector Spaces and Bases 33

To visualize the span, note that the span of a single nonzero vector
u in R" consists of all vectors lying on the line through the origin
that contains u. If u and v are two noncollinear vectors in R3, then
span {u, v} is the plane through the origin containing u and v.

Definition 1.36 Let V be a vector space over a field F and let

U1,Vz, ... Uy be elements of V. We say that vy, v,, ... v, are linearly
dependent (or {vy, vz, ... v,} is alinearly dependent set) if there exist
o1,0y,...,0, € Fthat are not all zero, such that

o] +aguy 4+ - F oy, = 0.

We say that vy, vy, ... v, are linearly independent (or {vi, vz, ... Ux}
is a linearly independent set) if

o oy 4o, =0

holds only when aj = 0 for everyj =1,2,3,...,n.

For a possibly infinite subset U of V, we say U is linearly independent
if every finite subset of U is linearly independent, and we say U is linearly
dependent if U has a finite subset that is linearly dependent.

In other words, v1, vy, ... v, are linearly independent if the only
linear combination a1v; + vy + - -+ + a,v;, that is 0 is the trivial
one (¢ = 0 for all j = 1,2,...,n). If there is a nontrivial linear
combination of vy, vy, ... v, that is 0, then vy, vy, ... vy, are linearly
dependent.

The last part of Definition 1.36 is consistent with the first by
Exercise 1.3.7. If a set is linearly dependent, then one element can
be written as a linear combination of the others and that element
can be removed from the set without changing the span (Exercise
1.3.8).

Definition 1.37 Let V be a vector space over a field F. A subset U of
V isabasis for V if U is a linearly independent set such that span U = V.

Bases are also characterized in the following way.

Lemma 1.38 Let V be a vector space over a field F, and let U be a

nonempty subset of V.
i. Suppose U is finite, say U = {u1, Uy, ..., Uy}, for somen € N,
with u; # uy for j # k. Then U is a basis for V if and only if
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for each v € V, there exist unique a1,dz, ...,o, € F such that

v= 3L oy
ii. If U is infinite, then U is a basis for V if and only if for each

non-zero v € V, there exist unique m € N, uy, Uy, ..., Uy € U,
and nonzero ay, &y, ..., &y € F such that v =3 " | aju;.

Proof

Exercise 1.3.11. n

The easiest example of a basis is the following.

Definition 1.39 Define E = {e1,¢€z,...,€en} by

1 7] 0 ] M0 ] 0 ]

1 0 0

€ = 0 ) €y = ) €3 = 1 ) )y €n = 0
| 0 ] | 0 | 0 1]

These vectors can be regarded as elements of R" or C". We call E the
standard, or Euclidean basis for R" or C".

This terminology is justified because E is a basis for R" or C".
To see this, either verify the definition, or use Lemma 1.38 and note
that a vector with components oy, a3, . . . @, can be written uniquely
as 2?21 aje;. It may seem strange that the same vectors span both
R"™ and the apparently larger space C", but this happens because the
scalar field for C" is C, instead of R as for R".

If a vector space V has a basis consisting of finitely many
elements, we say that V is finite dimensional. In this case, any two
bases for V have the same number of elements.

Theorem 1.40 Let V be a vector space over a field F. Suppose that
V has a basis consisting of n elements. Then any other basis of V also
has n elements.

Proof
Exercise 1.3.13. ]

This allows us to make Definition 1.41.
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Definition 1.41 Suppose V is a finite dimensional vector space. The
number of elements in a basis for V is called the dimension of V, written
dimV. If dimV = n, we say V is n-dimensional.

Theorem 1.42 yields the useful fact that a collection of n vectors
in an n-dimensional vector space is a basis if one of the two
conditions (that they are linearly independent, or that they span
the space) in Definition 1.37 holds.

Theorem 1.42  Suppose V is an n-dimensional vector space, and
v1,...,U, are distinct vectors in V. Then vy,0y,...,U, are linearly
independent if and only if

span{vy, vy, ..., v} = V.

Proof
Since V is n-dimensional, V has a basis consisting of n vectors, say
wy, Wy, ..., Wn.

First suppose vy, vy, ..., U, are linearly independent. Let u € V
be arbitrary. Then u,vy,v;,...,v, are n + 1 vectors belonging to
span{wy, wy, ..., wy}. By Exercise 1.3.12, u, v1, v, ..., Uy are linearly
dependent. By Exercise 1.3.9(ii), this implies u € span{v;,v,,
..., Un}. Since u is arbitrary, this proves that span {vy, vz, ..., v,} = V.

Now suppose that span{vy,v,, ..., v} = V. If v1,0,,...,0, are
linearly dependent, then by Exercise 1.3.8(ii), we can find a subset
of n — 1 vectors that still spans V. Then wy, wy, ..., w, are n linearly
independent vectors belonging to the span of n — 1 vectors, which
is impossible by Exercise 1.3.12. This contradiction shows that
v1,Vy, ..., Uy are linearly independent. |

Definition 1.43  Suppose V is a vector space over a field F and

S = {v1,Vy,...,Vy} is a basis for V. For any vector v € V, there exist
unique a1, o, . . ., &y € IF such that v = Z;;l ajv;, by Lemma 1.38. We
denote by [v]s the vector in F"* with components ay, ay, .. ., oy, that is,
o
o2
s=| . | (1.23)
(o47]

We call o the j component of v with respect to S.
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In other words, for a basis § = {v;, vy, ..., v,}, statement (1.23)
means that v = ) ! | o).

One should not confuse [v]s with the vector v itself. First, they
may be different types of objects. For example, if the vector space
is Py, the polynomials of degree n (see Exercise 1.3.1(i)), then v is
a polynomial whereas [v]s is an n-tuple of numbers. Second, even if
the vector space V is R" or C", so that v is an n-tuple of numbers
(which is a well-defined object, without reference to any basis), v
and [v]s will usually be different n-tuples of numbers (unless S is
the Euclidean basis, as we note below). So we do not regard [v]s as
identified with v (since two n-tuples are the same only if they have
the same components). Instead [v]s is the vector whose components
are the components of v with respect to the basis S.

However, the components of a vector v with respect to the
Euclidean basis E (Definition 1.39) are the usual components of v.
For example, if

Zn

is a vector in C" (similarly for R") then z = 2;1:1 Zj€j, SO

z = |z]g. (1.24)

Suppose that V is an n-dimensional vector space over C (similar
remarks hold for R). We can represent any element v in V with
respect to a given basis by a vector in C". So in an appropriate sense
(namely in the sense of a vector space isomorphism, which we do
not define), any n-dimensional vector space over C is equivalent to
C". If we are concerned only about finite dimensional vector spaces
over R and C, then up to isomorphism, all we need to consider are
R"™ and C". So the general theory of vector spaces is needed only if
we want to consider more general fields (which we do not) or infinite
dimensional vector spaces (which we do, later).

In the abstract sense, one basis is pretty much as good as
another. However, in particular cases (e.g., once we have a particular
linear operator to study), the choice of basis can be of paramount
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importance. A great deal of elementary linear algebra comes down
to selecting the basis that simplifies a problem as much as possible.
This is also the underlying theme of Fourier analysis, wavelet theory,
and this text.

Exercises

1.3.1. i. For n € N, let P, be the collection of all polynomials
over C of degree < n. Define addition and scalar
multiplication by complex numbers in the sense of
functions; that is, for p,q € P, anda € C, let (p+q)(x) =
p(®) + q(x) and (ap)(x) = ap(x). Prove that P, is a vector
space over C.

ii. Prove that the set V in Example 1.33 with the operations
defined there forms a vector space over C.

1.3.2. Let V be a vector space over a field F, and let U be a subset
of V. We say that U is a subspace of V if the set U itself with
the operations inherited from V forms a vector space over F.
Most of the properties of a vector space hold automatically
in U just because they hold in the bigger set V. Prove that
in order to verify that U is a subspace of V, one needs only
to check that

U#Y (where @ is the empty set);
if uyveU, then u+veU,

and
if ueU and aoelF, then oueU.

In other words, if U is nonempty, one needs only to
check that U itself is closed under addition and scalar

multiplication.
1.3.3. Let V be a vector space over a field F, and let uy, up, ..., u, €
V. Prove that span{w,uy,...,u,} is a subspace of V.

(Assume the result of Exercise 1.3.2.)
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1.3.4. Prove that the vectors

1 =2
-2 1, , and 1
3 1
are linearly independent in R3.
1.3.5. Prove that the vectors
1 2 3
241 |, —i , and -1
3 4—1 2

are linearly independent in C3.

1.3.6. Prove that any collection of vectors that includes the 0 vector
is linearly dependent.

1.3.7. Prove: if U is a finite collection of vectors that has a linearly
dependent subset, then U is linearly dependent.

1.3.8. Suppose v1,V3,...,V, are linearly dependent vectors in
some vector space.

i. Prove that there is some j € {1, 2, 3, ..., n} such that

v; € span{vy, Uz, ..., Vj—1, Vjt1, - - -, Un}.
ii. Forj as in part i, prove that

span{vy, vz, ..., V), ..., Un}

= Span{vl; U2y v Uj*lr vj+1r ) Un}~

1.3.9. Suppose u, vy, vy, ..., vV, are vectors in some vector space.

i. If u € span {vy, vo, ..., Uy}, prove that u, vy, vy, ..., v, are
linearly dependent.

ii. Suppose vy, Vg, ..., v, are linearly independent. If u,
vy, Vy,...,U, are linearly dependent, prove that u €
spanf{vy, vy, ..., Un}.

1.3.10. Suppose V is an n-dimensional vector space, k < n, and
{v1,vq,...,vx} is a linearly independent set in V. Show that
there exist vxy1,...,V, in V so that {vy, vy, ..., v,} is a basis
for V. (In other words, any linearly independent set can be
extended to a basis.) Hint: If k # n, span{v,, vy, ..., vk} # V.
So there exists vx+1 € V \ span{vy, vy, ..., vx}. By Exercise
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1.3.11.
1.3.12.

1.3.13.
1.3.14.

1.3.15.

1.3.9(ii), the set {vy,..., Uk, Vky1} is linearly independent.
Continue in this fashion.

Prove Lemma 1.38.

Suppose n + 1 vectors belong to the span of n vectors, say
w;j € span{vy, vy, ..., v} forj =1,2,...,n 4 1. Prove that
Wi, Wy, ..., Wy, Wny are linearly dependent. Hint: Prove this
by induction on n. Let p, be the statement given. The case
n = 1 is not difficult. Suppose p,_; holds. To prove p,, write

Wy = o110 + a0z + - -+ o nUp,

Wy = 0 1V1 + QU2 + « - - + g nUp,

Wn41 = Op41101 + Qpy12U2 +---+ Qpt1nUn.

If wy41 = 0, we are done (Exercise 1.3.6). Otherwise, at
least one of its coefficients is nonzero. By reindexing, we
can assume o4, 7 0. Consider the vectors

Ok n
U = Wi — Wn41,
Upt1n

fork =1, 2,..., n. Writing ux in terms of vy, . . ., v,, show that
the v, terms cancel out. Hence uy € spanf{v,...,Un—1}. By
Pn—1, the induction assumption, uy, uy, ..., u, are linearly
dependent. Show that this implies that ws, ..., w,41 are

linearly dependent.
Prove Theorem 1.40. Hint: Use Exercise 1.3.12.
Let R be a basis for a finite dimensional vector space V over
a field F. Prove that:

i [u+vlg =[ulg+[vg foralu,veV;

ii. [av]g =av]g foralla e Fandv e V.
Suppose V is a finite dimensional vector space over C with
basis R. Let vy, vy, ..., U, be elements of V. Prove that the
set {v1, Uy, ..., Un} is linearly independent in V if and only if
the set {[vi]r, [V2]r, - - -, [Vm]r} is linearly independent in C".



4( 1. Background: Complex Numbers and Linear Algebra

1.4 Linear Transformations, Matrices,
and Change of Basis

In mathematics we often consider the class of all objects having
a certain structure, for example, groups, fields, metric spaces, or
topological spaces. In each case we consider maps between these
objects that are consistent with or preserve this structure, such as
homomorphisms or isomorphisms of groups, isometries of metric
spaces, and homeomorphisms of topological spaces. Vector spaces
have the linear structure stated in Definition 1.30. Maps that respect
this structure are called linear transformations.

Definition 1.44 Let U and V be vector spaces over the same field
F. A linear transformation T is a function T : U — V having the
following properties:

L1. (Additivity) T'(uy 4+ uz) = T(u1) + T(uz), for all uy, u; € U.

L2. (Scalar homogeneity) T'(au) = aT'(u), foralla € F andu € U.

Suppose T : U — V is a linear transformation, and U is finite
dimensional with basis {u, uz, ..., u,}. Then T is determined by its
action on the basis {uy, uy, ..., u,}, in the following sense. Suppose
u € U. Then there exist unique scalars «y,ay,...,®, such that
u =, au;, by Lemma 1.38. By properties L1 and L2,

Tw) =T (Z ajuj) = oT(w).
j=1 j=1

In particular, suppose L : U — V is a linear transformation,
and L(u)) = T(w) for all j = 1,2,...,n. Then L = T, that is,
L(u) = T(u) for all u € U, because the steps above also show that
L(w) = Y, o L(wy).

Recall (Definition 1.43) that for a given basis S = {uy, uy, ..., un}
of a vector space U, [u]s is the vector in F" (e.g., R" or C") whose
components a1, o, . . ., &, are the coefficients in the expansion u =
Z;;l aju;. Any linear transformation T : U — V can be represented
in bases for U and V by matrix multiplication, in a sense described in
Lemma 1.49. First we define matrices and their natural operations.
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Definition 1.45 For m,n € N, an m x n matrix A over a field F is
a rectangular array of the form

an dipz - - - dan
axp dzy -+ -+ Op
A= )
| 1 Am2 - 0 Omn
where ag € F foralli =1,2,... mandj =1,2,...,n. We call a; the

(i,j)th entry of A. We also denote A by [ai]i<i<m,1<j<n 01, When m and
n are understood, by [a;;].

Note that an n x 1 matrix is a vector with n components, that is,
an element of R" or C".

Addition of matrices is defined by the obvious addition of
corresponding entries. Scalar multiplication is also defined in the
natural way.

Definition 1.46  Suppose A = [a;;] and B = [b;;] are two m x n
matrices over the same field F. Then A 4 B is the m x n matrix C = [¢i}]
with c; = a; + by foralli=1,2,... mandj=1,2,...,n Fora € F,
aA is the m x n matrix D = [dy] with dij = aay for all i, j.

Matrix multiplication is a more subtle process.

Definition 1.47  Suppose A = [a;;] is an m x £ matrix over a field F
and B = [b;;] is an £ x n matrix over the same field F. Then AB is the
m x n matrix C = [¢; ;] with

¢
Cyj = E aikbyg

k=1
fori=1,2,... mandj=1,2,..., n

For real matrices, ¢; is the dot product of the i row of A with
the j™ column of B.

Notice that we define the multiplication of an m x £ matrix only
with an € x n matrix, which gives an m x n matrix (the ¢ “cancels”).
Matrix multiplication is not commutative: first, when AB is defined,
it may be that BA is not even defined; second, even if both are
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defined, we may have AB # BA. However, matrix multiplication
is associative: for A = [ajli<ismi<j<t, B = [bijli<i<ei<j<k, C =
[Ci]1 <i<k1<j<n, the (i,7/)™ entry of the m x n matrices (AB)C and A(BC)
are both
Ltk
Z Z AipDpgCoy-
p=1 g=1
A special case of particular interest is the product of an m x n

matrix A and an n x 1 matrix (i.e., a vector) x. The result y = Ax is
an m x 1 matrix, that is, a vector with m components. The map T
taking x to Ax, thatis, T : " — F™ (e.g., F = R or C) defined by
T(x) = Ax, is a linear transformation (Exercise 1.4.2). By Definition
1.47, the i™ component of Ax is

n
(Ax)i = Z QixXr.
k=1
For more general finite dimensional vector spaces, a matrix leads to
a linear transformation by acting on the vector of components with
respect to a given basis as follows.

Lemma 1.48 (Linear transformation associated with a matrix)
Let U and V be finite dimensional vector spaces over a field F. Suppose
R ={uy,uy, ..., uy}isabasis for UandS = {v1, vy, ..., Uy} isa basis for
V. Let A be an m x n matrix over F. We define a mapping T, : U — V
as follows: for u € U, let Tx(u) be the element of V whose vector of
components [T (u)]s with respect to S is A[u]g, that is,

[Ta()]s = A[u]r-
Then T, is a linear transformation.

Proof
Exercise 1.4.3. |

Thus every matrix gives a linear transformation. The converse
is also true: every linear transformation between finite dimensional
vector spaces can be represented by a matrix.

Lemma 1.49 (Matrix representing a linear transformation) Let
U and V be finite dimensional vector spaces over a field F. Suppose
R =A{u1,uy, ..., un} is a basis for U, S = {v1,v3,...,Un} is a basis for
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V,and T : U — V is a linear transformation. Since T(u;) € V for each
J, there are unique scalars a;, i1 =1,2,...,m,andj =1,2,...,n, such
that

T(u) =anvi +anvy + -+ + A1V,

T(up) = aipV1 + AUy + - -+ + AU,

T(uUn) = A1pV1 + AzpV2 + - -+ + AU

Let A be the m x n matrix whose k™ column consists of the scalars

A1k, 0ok, - - -, Uk 1 the expansion of T (uy):
an diz - Ain
azp Adzy - don
A=
am1  dm2 st Omn
Then
[T(w)]s =A[ulg forallu e U. (1.25)

Moreover, A is the unique matrix satisfying relationship (1.25).

Proof
Letu € U be arbitrary. Let ¢y, ¢z, . . ., ¢, be the components of u with
respect to R, that is,

n

or, equivalently, u = » * | ciu;. By definition of A, T(w) = >, ajv:.
By linearity,

n n
T(u)=T (Z c]-u]) = Z ¢;T(uy)
j=1 j=1
n m m n
= Z Gj Zaijvi = Z a;iCi | Vi.
j=1 =1 j=1

i=1 =

Hence the i component of T(u) with respect to the basis S is

Zf:l aiic;, which is, by definition, the i" component of the product
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of the matrix A with the vector [u]g. So (1.25) holds. The uniqueness

of A is left to the reader (Exercise 1.4.6).

In the previous lemma, we call A the matrix representing T with

respect to R and S. We sometimes write it as Ar.

Example 1.50
Define a basis R for R? by

{1 B

and a basis S for R® by

1 0 1
S= , 1, 0
2 1 3

Define T : R? — R3 by

N 2x—yY
(D=
Y x— 3y

Find the matrix A that represents T with respect to R and S.

Solution
By definition,

AR R (S

According to Lemma 1.49, we should find {a;} such that

3 ] (1] [ 0] [ 1]
3 = dan 0 + an 1 + az 0 )
| —1 ] | 2 ] L1 ] | 3 ]
and
[ —2 ] 1] 0 ] 1]
2 = diy 0 + ay 1 + asy
| —6 | L 2 ] | 1] | 3

(1.26)

(1.27)
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These are linear systems; for example, equation (1.26) is the system

lan + 0ax + laz = 3,
Oau + 16121 + 06131 = 3,
2a11 + 1az + 3az = —1,

which can be solved, for example, by Gaussian elimination (we omit
the calculation), to give

an =13, ay =3, and as = —10.

Similarly, equation (1.27) can be solved to give

ayp = 2, ayp = 2, and azy) = —4.
Hence
13 2
A= 3 2
—-10 —4

Lemmas 1.48 and 1.49 show that there is a complete correspon-
dence between matrices and linear transformations between finite
dimensional vector spaces. To understand this correspondence bet-
ter, we consider certain properties that a linear transformation can
have and the corresponding properties of the associated matrix.

The next definition is stated in a general form because it makes
sense for any function.

Definition 1.51 Let U and V be sets, and T : U — V a function.
T is one-to-one (written 1 — 1) or injective if T(u1) = T(uy) implies
u; = uy. T is onto or surjective if, for every v € V, there exists u € U
such that T(u) = v. T is invertible or bijective if T is both 1 — 1 and
onto.

In other words, T'is 1 — 1 if u; # u, implies T'(u;) # T(uy); that
is, T cannot take two different values to the same value, and T is
onto if T attains every element in V.

If Tis 1 — 1 and onto, we define T~! : V — U as follows: for
each v € V, there exists (since T is onto) a unique (since T is 1 — 1)
u € U such that T(u) = v. Let T~!(v) = u. Then it is easy to see that
T~ is the inverse mapping of T in the sense that T~ (T(u)) = u for
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allu € U and T(T~'(v)) = v for all v € V. This is the reason for the
term invertible in Definition 1.51.

Related to the terms 1 — 1 and onto are the kernel and range of
a linear transformation.

Definition 1.52 Let U and V be vector spaces, and T : U — V a
linear transformation.

The kernel of T is the set of all vectors that get mapped to the 0 vector
by T, that is,

kerT ={u e U: T(u)=0}.

The range of T is the set of all vectors in V that are the image of some
vector in U under T:

range T = {T'(u) : u € U}.

By definition, T is onto if and only if range (T) = V. Also, by the
linearity of T, T is 1 — 1 if and only if ker T' = {0} (Exercise 1.4.7).

Corresponding to the notion of an invertible linear transforma-
tion is the notion of an invertible matrix. For this, we first need to
define the identity matrix.

Definition 1.53 The n x n identity matrix I over R or C is the
matrix [ai|1<ij<n SUch that a; =1 fori=1,2,... , nandaj = 0if1 # .

In other words, the identity I is the matrix with entry 1 at each
position on the main diagonal and 0 everywhere else. A simple
computation shows that Ix = x for any vector x € R" or C"*, which is
the reason I is called the identity matrix.

Definition 1.54 Let A be an n x n matrix over R or C. We say A is
invertible if there exists an n x n matrix, denoted A=, such that

ATTA=T and AA™' =1
We call A=, when it exists, the inverse of A.

For 2 x 2 matrices, it is worth remembering that if ad — bc # 0,

a b1 d —b
¢ d Cad—bc| —¢ a |

Invertible linear transformations correspond to invertible matrices.
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Lemma 1.55 Let U and V be n-dimensional vector spaces over
C (similarly if both are over R). Suppose T : U — V is a linear
transformation. Let R be a basis for U and S a basis for V. Let At
be the matrix that represents T with respect to R and S, as in Lemma
1.49. Then T is an invertible linear transformation if and only if Ar is
an invertible matrix.

Proof
First suppose T is invertible. Let z be an arbitrary element of C",
with components zy, 2z, ...,2,. Suppose R = {uy, uy, ..., u,}. Let

u = ) " ziw; in other words, [u]z = z. Let Ar-1 be the matrix that
represents T~ ! with respect to S and R. Then

z=[ulr = [T (TW)]r = Ar-[T(W)]s
= AT—IAT[M]R = Ar1Arz.

Since z is arbitrary, we deduce that Ar-1Ar = I, by Exercise 1.4.6(1).
A symmetric argument shows that also ArAr-1 = I. Thus Ar is
invertible with inverse A-1.

For the other direction, suppose Ar is an invertible matrix.
We claim that kerT = {0}. To see this, suppose u € U and
T(u) = 0. Then [T (u)]s is the 0 vector in C". So Ar[u]r = [T'(u)]s =
0. Multiplying this equation on the left by (Ar)™' gives [ulx =
(A7)7'0 = 0. But [ulg = 0 implies u = 0. This proves the claim
that ker T = {0}. By Exercise 1.4.7, T is 1 — 1. Since U and V
are n—dimensional, T is onto by Exercise 1.4.8(v). Hence T is
invertible. |

Another useful notion is the rank of a matrix.

Definition 1.56  Let A be an m x n matrix over C (or R). Let T be the
linear transformation associated to A in the standard basis, that is, define
T:C"— C"(orT:R"— R") by T(x) = Ax. By Exercise 1.4.9(ii),
range T is a subspace of C" (or R™), and hence is a finite dimensional
vector space. The rank of A is the dimension of range T.

In the case of a square matrix, this leads to another interesting
criterion for invertibility.

Lemma 1.57 Suppose A is an n x n matrix over C (or R). Then A is
invertible if and only if rank A = n.
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Proof
Let T : C" — C" be defined by T(z) = Az, as in Definition 1.56.

If A is invertible, then T is invertible by Lemma 1.55. Hence
range T = C". So range T has dimension n, that is, rank A = n.

Conversely, if rank A = n, then range T has dimension n. This
implies range T = C". (Proof: Let z € C" be arbitrary. Then the
basis elements uy, uy, ..., u, of range T together with z make up
n+1 elements in C", which must be linearly dependent by Exercise
1.3.12. By Exercise 1.3.9(ii), z € span{u;, uy, ..., un} =range T.)So T
is onto. By Exercise 1.4.8(v), T'is 1 — 1, hence invertible. By Lemma
1.55, A is invertible.

For the proof in the case where A is a matrix over R, replace C
everywhere by R. |

Having learned a few prerequisites about matrices, we are ready
to return to our study of representing vectors in different bases. If we
have two bases for the same finite dimensional vector space, how
can we obtain the components of a vector with respect to one of
these bases if we know its components with respect to the other?

Lemma 1.58 Suppose V is an n-dimensional vector space over R or
C. Suppose R = {uy, Uy, ..., un} and S = {v1, vz, ..., vn} are two bases
for V. Since S1is a basis for V, there are unique scalars a;, i =1,2,...,n,
andj=1,2,...,nsuch that

Uy =anvy +anvy + -+ anty,
Uy = a1pV1 + AUz + - -+ + Analp,
Uy = A1pV1 + AopV2 + -+ - + Applp.

Let A be the n x n matrix whose k™ column consists of the coefficients

1k, 02k, - - ., Ok TN the vepresentation of ux:
an diz o din
ay dzp -+ Ap
A=

anl Qnz2  *+° Opp
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Then
[X]s = A[x]g forallx eV,
and A is the unique matrix with this property.

Proof
This follows from Lemma 1.49, by letting T be the identity
transformation I defined by I(x) = x for all x. Clearly I is linear. Since
u; = I(u;) for each j, the matrix A is the one required in Lemma 1.49.
Hence

[¥]s = (V)]s = A[]r-
The uniqueness of A also follows from Lemma 1.49. |

We call the matrix A obtained in Lemma 1.58 the R to S change
of basis matrix.

Example 1.59
Define bases R and S for R? by

{2 7
o R

Find the R to S change of basis matrix A.

and

Solution
By Lemma 1.58, we need to find {a;} such that

U D B2 B
__2_—11_1_ 21_4_,
and
-_1-—61- -+a [ 3]
_7_—12_1_ 22_4_

Solving these linear systems gives

an =2, axn=-1,

ajp) = —5, and ayy — 3.
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Hence
2 =5
A= [ o ] |
]
As one might suspect, the R to S change of basis matrix is always
invertible and its inverse is the S to R change of basis matrix (Exercise
1.4.14).
Now we restrict our attention to a linear transformation from a
finite dimensional vector space to itself. Fix a basis and consider

representing the linear transformation in that basis. The following
is a special case of what was considered in Lemma 1.49.

Definition 1.60 Let V be a finite dimensional vector space over R or
C, with basis R. Let At r be the matrix that represents T with respect to
R and R (as defined in Lemma 1.49), that is, At r is the matrix such that

[T(¥)]r = Arr[X]r,

for any x € V. We call Arg the matrix representing T with respect to
R.

For the simplest example of this, suppose we start with ann x n
matrix A over C and define the associated linear transformation
Tpo : C* — C" by Ta(z) = Az. Then in the Euclidean basis
E = {ey, ..., ey} (Definition 1.39),

[TA(Z)]E = TA(Z) = Az = A[Z]E,

by equation (1.24). In other words, A represents T, with respect to
E, or

ATA,E =A.

If we are working with a linear transformation T from V to V, we
can fix a basis for V and represent T with respect to this basis by
a matrix. This allows us to use matrix algebra to do computations
regarding T. However, there are many choices of bases for V. What
effect does the choice of basis have on the matrix that represents
the transformation?

Lemma 1.61 Suppose V is a finite dimensional vector space with
bases R and S. Suppose T : V — V is a linear transformation. Let
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A1 be the matrix vepresenting T with respect to R and Ar s the matrix
representing T with respect to S. Let P be the R to S change of basis
matrix. Then

AT,R == P_IATrsp.

Proof
Let x € V be arbitrary. By Exercise 1.4.14, P~! is the S to R change
of basis matrix. Hence

[Tl = P~ [T@)s.
However, Args represents T in the basis S, so
[T(x)]r = P~ Arg[x]s.

But P is the R to S change of basis matrix, so [x]s = P[x]r. Substituting
this in the last equation gives

[T(x)]r = P~ ArsP[X]r.

The result now follows from the uniqueness assertion in Lemma
1.49. ]

This result has a natural interpretation: to obtain the action of T
in the basis R, one can first change to the basis § (i.e., multiply by
P), then apply T as represented in the basis S (i.e., multiply by Ar ),
and finally convert back to the basis R (multiply by P™1).

Definition 1.62 Suppose A and B are n x n matrices over R or C.
We say A and B are similar, or that A is similar to B, if there exists a
matrix P such that

B=P 'AP.

It is easy to see (Exercise 1.4.16) that similarity is an equivalence
relation. In particular, the roles of A and B can be interchanged in
Definition 1.62.

Lemma 1.61 tells us that two matrices representing the same
linear transformation with respect to different bases must be similar.
A major concern of ours is to make the best choice of basis, so that the
linear operator with which we are working will have a representing
matrix in the chosen basis that is as simple as possible. In section
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1.5, we discuss operators whose representing matrix can be made
diagonal.

Exercises

1.4.1.

1.4.2.

1.4.3.

1.4.4.

1.4.5.

Let U be the set of all differentiable functions on the interval
(0,1)={xeR:0 < x < 1}, that is,

U ={f:(0,1) = R such that f'(x) exists for all x € (0, 1)}.

Let V be the collection of all functions f : (0,1) — R. Define
addition of functions and multiplication of functions by real
numbers in the usual way (as in Example 1.33).
i. Prove that U and V are vector spaces. (Assume standard
facts from calculus.)
ii. Define T : U — V by T(f) = f'. Prove that T is a linear
transformation.

This example demonstrates that important linear trans-
formations arise in the context of infinite dimensional vector
spaces.

Let A be an m x n matrix over C. Define T : C* — C™ by
T(z) = Az (matrix multiplication). Prove that T is a linear
transformation.

Prove Lemma 1.48. Suggestion: Use Exercises 1.4.2 and
1.3.14.

Fix an angle 8 € R. Let Ty be the map from R? to itself,
which acts on a vector by rotating it by an angle 6 in
the counterclockwise direction (i.e., in polar coordinates,
Ty leaves the magnitude unchanged but increases the
angle by #). Draw pictures indicating why Ty is a linear
transformation. Confirm this by determining the matrix that
represents Ty in the standard basis for R?.

Define a basis R for R3 by

N
DN W
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1.4.6.

1.4.7.

1.4.8.

and a basis S for R? by

=) Bl

Define T : R® — R? by

X
. X+y—z
T Y _[2x—y+3z]'

i. Find the matrix A that represents T with respect to R
and S.
ii. Suppose u € R® and

Find [T(u)]s.
iii. For u as in part ii, find the Euclidean coordinates of u.

iv. Find the Euclidean coordinates of T(u) two ways: using
part iii and the definition of T, and using part ii and the
definition of S.

Let A be an n x n matrix over R or C.

i. Suppose that Ax = x for all vectors x € R". Prove that
A is the identity matrix I. (Hint: Consider the standard
basis vectors ey, €, . . ., e, in Definition 1.39.)

ii. Suppose Bis an n x n matrix over the same field as A and
Bx = Ax for all x € R". Prove that A = B, that is, a; = by
for all i, ;.

iii. Prove the uniqueness statement in Lemma 1.49.

Let U and V be vector spaces and T : U — V a linear

transformation. Prove that T'is 1—1 ifand only ifker T = {0}.

Let U and V be vector spaces and T : U — V a linear

transformation. Suppose U is n-dimensional, with basis

{ur, uy, ..., uy}.

i. Provethat Tis1—1ifand only if {T'(u), T(u2), ..., T(un)}
is a linearly independent set in V.

ii. Prove that span{T(u;), T(u2), ..., T(u,)} = range T.
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1.4.9.

1.4.10.

1.4.11.

1.4.12.

*

iii. Prove that T is invertible if and only if {T'(u;), T(uz), - -
T(uy) is a basis for V.

iv. Suppose that T : U — V is an invertible linear
transformation. Prove that V is also finite dimensional
with dimension n.

v. Suppose that V is finite dimensional with dimension n.
Prove that T is 1 — 1 if and only if T is onto. (Hint: Use
Theorem 1.42)

Let U and V be vector spaces and T : U — V a linear
transformation. Recall the definition of a subspace from
Exercise 1.3.2.

i. Prove that ker T is a subspace of U.

ii. Prove that range T is a subspace of V.

(Rank theorem) Suppose U and V are vector spaces,
dimU =mn,and T : U — V is a linear transformation.
Prove that

dim ker T 4+ dimrange T = n.

Hint: Suppose k = dim kerT. Let {uy,uy,...,ux} be a
basis for ker T'. By Exercise 1.3.10, we can find w4y, ..., Uy
such that {uy,uy,...,u,} is a basis for U. Prove that
T(ukt1), - - -, T(un) are linearly independent and apply
Exercise 1.4.8(ii).

Let A be an m x k matrix and B a k x n matrix (both over

the same field, either R or C). Prove that rank (AB) < rank
A and rank (AB) < rank B.

Let A and B be n x n matrices over the same field, either R
or C.

i. Prove that AB is invertible if and only if both A and B
are invertible, in which case, (AB)"! = B"'A~!. (Hint:
Use Lemma 1.57 and Exercise 1.4.11 for the “only if”
direction.)

ii. Suppose AB = I. Prove that A and B are invertible,
B=A"! and A =B
Hence in order to check that B = A™! it is enough to

verify that AB = I or that BA = I; it is not necessary to
check both.
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1.4.13. Define bases R and S for R? by

=]
=GB

i. Find the R to S change of basis matrix A.
ii. Suppose x € R? and
1
[X]R = |: 2 ] .
Find []s.

iii. Find the Euclidean coordinates of x two ways: using [X]z
and the definition of R, and using [¥]s and the definition
of 8.
iv. Find the S to R change of basis matrix directly, that is,
by the method of Lemma 1.58. Then check that it is the
inverse of the matrix found in part i.
1.4.14. Let V be a finite dimensional vector space over R or C, with
bases R and S. Let A be the R to S change of basis matrix.
Prove that A is invertible and its inverse is the S to R change
of basis matrix. (Hint: Use Exercise 1.4.6 and, to make it
easier, Exercise 1.4.12(ii).)
1.4.15. Let VbeeitherR"orC". LetE = {ey, . . ., e,} be the Euclidean
basis (Definition 1.39) for V and let R = {u;,...,u,} be
another basis for V. Suppose that for eachj =1,2,...,n

and

Let A = [ay]i<ij<n-
i. Prove that A is the R to E change of basis matrix.
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ii. Suppose S = {vy, ..., v,} is also a basis for V, with
b;
Dy;
U]' = . )
bnj

for each j = 1,2,...,n. Let B = [by]i<ij<n. Prove that
B 'A is the R to S change of basis matrix.

iii. Check the result in part ii by solving Exercise 1.4.13(i)
this way. Remark: This is usually the simplest way to do
these problems.

1.4.16. For two n x n matrices A and B, define A ~ Bif A and B
are similar (Definition 1.62). Prove that ~ is an equivalence
relation, that is,

i. A ~ A for all n x n matrices A.
ii. If A ~ B, then B~ A.

iii. If A ~ Band B ~ C, then A ~ C. (Hint: Use Exercise

1.4.12(3).)

1.5 Diagonalization of Linear
Transformations and Matrices

Consider a linear transformation T : V — V, where V is a finite
dimensional vector space. V has many bases; choosing a basis
amounts to picking a coordinate system. Once we select a basis R
for V, we can represent T with respect to R by a matrix, which we
call Ar g (Definition 1.60). If calculations involving T are to be done
with this matrix, we would like to pick the basis R in such a way
that Arr is as simple as possible. How much choice do we have?
By Lemma 1.61, we know that for any other basis S, the matrix Az g
representing T with respect to S must be similar to Ay . This is the
only restriction: any matrix similar to Ay g is the matrix representing
T with respect to some basis for V. This fact is a corollary to Lemma
1.63, which has independent interest.
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Lemma 1.63 Suppose R is a basis for an n-dimensional vector space
V over R or C, and P is an n x n invertible matrix (over the same field).
Then there exists a basis S for V such that P is the R-to-S change of basis
matrix.

Proof
Suppose R = {x1,x,...,%,} and [q;] = Q = P~!. Define § =
{v1, v, ..., 0.}, where

n
v = Z%‘Xk, (1.28)
=1

fori=1,2,...,n
Forj=1,2,...,n, relation (1.28) yields

n

n n n n
Zloﬁvi = Zpij Z qriXx = Z (Z thg) Xp = Xj, (1.29)
i=1 k=1 1 \i=l

i=1 = k=

since Y L, gupy is the (k, /)™ entry of QP = I, and hence is 1 when
k =j and 0 otherwise.
Let u € V be arbitrary. Suppose

or, equivalently, u = Y " | a;%;. By equation (1.29),

n n n n n
u = Zaj Zpijvi = Z (prg) UV = Z(P&l)il)i, (130)
=1 =1 i=1 \j=1 i=1

where (Pa); is the i™ component of Pa. This shows that S spans V,
and hence is a basis, by Theorem 1.42. It also shows that

[u]s = Pa = Plu]r.
This implies that P is the R-to-S change of basis matrix. |

Corollary 1.64 Suppose V is a finite dimensional vector space with
basis R, and T : V. — V is a linear transformation. Let Arr be the
matrix representing T with vespect to R. Suppose B is a matrix that is
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similar to Arg. Then there exists a basis S for V such that B represents
T with respect to S (i.e., such that B = Aryg).

Proof
By assumption, there exists an invertible matrix P such that B =
P~'ArgP. Then P! is also invertible; applying Lemma 1.63 to P!,
there exists a basis S for V such that P! is the R-to-S change of basis
matrix. By Exercise 1.4.14, P is the S-to-R change of basis matrix.
Applying Lemma 1.61 (with R and S interchanged in its statement),
Arg=P 'ArgP =B. m
Hence finding the best basis to represent a linear transformation
comes down to finding the simplest matrix similar to a given one.
Recall (Exercise 1.4.16) that similarity of matrices is an equivalence
relation. So we are looking for the simplest representative of the
equivalence class consisting of all matrices similar to a given one.
To start, we consider some features of the linear transformation
T that must be shared by all matrices representing T. The
eigenvalues are one such feature. We define eigenvalues for both
linear transformations and matrices.

Definition 1.65 Let V be a vector space over afieldF, andT : V. — V
a linear transformation. A scalar ) € F is an eigenvalue of T if there
exists a nonzero v € V such that

T(v) = Av. (1.31)

Any vector v € V satisfying relation (1.31) (including the 0 vector) is
called an eigenvector of T corresponding to A. The set of all such,
namely

E,=E(T)={eV:TWw) =}

is called the eigenspace of T corresponding to A.
Any vector v € V satisfying relation (1.31) for some A € F is called
an eigenvector of T.

An eigenvector is a direction in which T acts simply by scalar
multiplication. The definitions in the case of a matrix are similar.

Definition 1.66 Let F be either R or C. Let A be an n X n matrix
over F.IfF =R, let V=R" andif F =C, let V.= C". A scalar » € F
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is an eigenvalue of A if there exists a nonzero v € V such that
AV = Av. (1.32)

Any vector v € V satisfying equation (1.32) (including the 0 vector) is
called an eigenvector of A corresponding to A. The set of all such is

E, =E,(A)={veV:Av =21},

called the eigenspace of A corresponding to A. Any vector v € V
satisfying equation (1.32) for some A € F is called an eigenvector of A.

Let T : V — V be a linear transformation and A a scalar. By
definition, v € E,(T) means that T'(v) = Av, which is equivalent to
(M —T)(v) =0, or v € ker(Al — T), where I is the identity operator
(defined by I(v) = v for all v). Hence E,(T) = ker(AI — T). By
Exercise 1.4.9(i), it follows that E, (T) is a subspace of V. We define
the geometric multiplicity of A (with respect to T to be the dimension
of E,(T). When X is not an eigenvalue of T, then E,(T) = {0}, and
the geometric multiplicity of A is 0.

We make a similar definition for a matrix A. By linearity,

Ey(A)={veV: (Al —Ap=0}

is a subspace of V, where here I is the identity matrix. The geometric
multiplicity of A (with respect to A) is the dimension of E, (A). If X is
not an eigenvalue of A, the geometric multiplicity of A is 0.

The next lemma shows that when a matrix corresponds to
a linear transformation, the eigenvalues and their geometric
multiplicities for the matrix and for the transformation are the same.

Lemma 1.67 Let V be a finite dimensional vector space with basis
R, let T : V. — V be a linear transformation, and let A be the matrix
representing T with respect to R (i.e., A = Arr). Then A and T have the
same eigenvalues, and

v e E\(T) ifandonlyif [v]r € Ex(A), (1.33)

for each eigenvalue L. The geometric multiplicities of A for T and for A
are the same:

dim E,(T) = dim E; (A).
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Proof

First, suppose X is an eigenvalue of T. Then there exists a nonzero
v such that T(v) = Av, that is, v € E,(T). Then [v]z # 0 and, since A
represents T in the basis R,

Afvlr = [Tk = [AV]r = AV,

using Exercise 1.3.14(ii). Hence A is an eigenvalue of A and [v]r €
E;(A).

Conversely, suppose A is an eigenvalue of A and y is a nonzero
vector satistying Ay = Ay (soy € E, (A)). Let the components of y be
Y,,Y2, -, Yn and let R = {u1, uy, ..., un}. Define v =3 | yju;. Then
Yy = [V]r, s0

[Tk = A[vr = A[V]r = [AV]R,

again using Exercise 1.3.14(ii). This implies T'(v) = Av (since T(v)
and Av have the same components in the basis R), that is, A is an
eigenvalue of T and v € E,(T).

The only case left to prove in relation (1.33) is when v = 0
(equivalently [v]g = 0), which is trivial because then v € E,(T)
and [v]r € Ex(A).

We now prove the statement about the geometric multiplicities.
Note that A is not an eigenvalue of T if and only if A is not an
eigenvalue of A (by what we just proved), in which case both
geometric multiplicities are 0. So the result holds in this case.
Now suppose E;(T) has basis {t,ts,...,tn} and E;(A) has basis
{s1,s2, ..., 8k}, which, by what we have recently noted, can be written
as {[vi]r, [V2]r, - .-, [vk]r}. By relation (1.33), [ti]r,[t2]r,---,[tm]r
belong to E,(A) and, by Exercise 1.3.15, are linearly independent.
This implies that m < k (recall Exercise 1.3.12). Also by what we just
proved, vy, sy, ..., Uk belong to E,(T) and are linearly independent
(also by Exercise 1.3.15), so k < m. Therefore k = m, as desired. W

Lemma 1.67 yields the following result about similar matrices.

Corollary 1.68 Suppose A and B are similar matrices. Then A and
B have the same eigenvalues with the same geometric multiplicities.

Proof
Let T be the linear transformation (on R" or C"*, depending whether
the scalar field is R or C) defined by T(x) = Ax. Then A represents
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T with respect to the standard basis. Since A and B are similar, there
is a basis S such that B represents T with respect to S, by Corollary
1.64. By Lemma 1.67, both A and B have the same eigenvalues, with
the same geometric multiplicities, as the linear transformation T,
hence the same as each other. |

This last proof may seem somewhat roundabout, and one
can prove Corollary 1.68 by a straightforward argument involving
the definition of similar matrices (Exercise 1.5.1). However this
computational proof does not give much insight, and does not
suggest how the result might be anticipated. The proof above
emphasizes that the eigenvalues and their geometric multiplicities
are properties of the transformation itself, independent of how it
is realized by a matrix in some choice of basis. Similar matrices
are different realizations of the same transformation, so any
quantity that depends only on the underlying transformation
must be the same for similar matrices. This gives us an abstract
way of understanding what features similar matrices must have
in common. Any quantity determined by a matrix that must
be the same for any two similar matrices is called a similarity
invariant. Corollary 1.68 states that eigenvalues and their geometric
multiplicities are similarity invariants.

Animportant fact about eigenvectors of a linear transformation is
that eigenvectors corresponding to different eigenvalues are linearly
independent. A more general statement is as follows.

Lemma 1.69 Let V be an n-dimensional vector space over R or
Cand T : V — V a linear transformation with distinct eigenvalues

A, Ag, ..o Ak Fori=1,2,...,k, suppose E,. has dimension m; and a
basis {Ul"], Vig, -y Ui,ml}» Let
A= {Ul,lv vl,Zr ) Ul,m]r vZ,lr UZ,Z; ORI UZ,mz; D] vk,lr vk,Zv ORI Uk,)’l’lk}r

that is, let A be the union of the bases for the eigenspaces E,,, i =
1,2,...,n. Then A is linearly independent.

The sum of the geometric multiplicities of the eigenvalues is at most
n, that is,

k
Y omi<n (1.34)
i=1
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In particular, T cannot have more than n distinct eigenvalues.

Proof
Suppose there is a linear combination of vectors in A that is 0:

k

m;
>0 aguy;=o0. (1.35)

i=1 j=1

For i = 1,2,...,k define w; = )" a;v;;. Then equation (1.35)
becomes

> w=o. (1.36)

Note that u; € E,,, since y; is a linear combination of the vectors
vij,j =1,2,...,m;, which all belong to the subspace E,,. So T'(u;) =
Aiui.

We claim that every u; is 0. By reindexing (specifically, by
interchanging the indices i and k), it is enough to prove that uy is
0. Apply the linear transformation A;I — T to both sides of equation
(1.36). Note that (A I — T)u; = (A1 — A;)u;, which is 0 only fori = 1.
Since the i = 1 term drops out, we obtain

k
> (= A =0
=2

Now we apply Al — T to both sides of this equation, which causes
the i = 2 term to drop out. We continue in this way until only one
term remains, which gives

(A = A)(A2 — Ax) - - - (Ak—1 — A ur = 0.

Since the coefficient is not 0, we must have u; = 0.

We have shown that u; = ZJ’ZI a;v;; = 0 for each i. However, by
assumption, each set {vi1,vi2, ..., Vim} is linearly independent. So
each a; must be 0. This implies that A is linearly independent.

The number of vectors v;; is ZLI m;. Since these vectors are
linearly independent and V is n-dimensional, the total number is
at most n (Exercise 1.3.12), so relation (1.34) holds. In particular,
since each eigenspace is at least one-dimensional, the number of
eigenvalues is at most n. |
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The number Zle m; in relation (1.34) is the maximum possible
number of linearly independent eigenvectors of T, since no
eigenspace E,, can contribute more than m; = dim E;, eigenvectors
to any linearly independent collection.

Statements corresponding to those in Lemma 1.69 hold for
matrices also.

Corollary 1.70 Let A be an n x n matrix over R or C. Suppose
A, A2, ..., A are the distinct eigenvalues of A. Fori =1, ..., k, suppose
E,,, the eigenspace of A;, has dimension m; and basis {vi1, Viz, . . ., Vim,}.
Then the set {v; i} <i<k1<j<m, 1S linearly independent, Zle m; < n, and
k, the number of eigenvalues of A, is at most n.

Proof

Associate with A the linear transformation T defined by T'(x) = Ax.
Then the eigenvalues and eigenvectors of the transformation T are
the same as for the matrix A, so all of the assertions follow from
Lemma 1.69. |

The easiest linear transformations to work with are those
for which the maximal linearly independent set of eigenvectors
in Lemma 1.69 is a basis, that is, for which there are enough
eigenvectors to span the vector space.

Definition 1.71 Let V be a finite dimensional vector space and
T : V. — V a linear transformation. If V has a basis consisting of
eigenvectors of T, we say T is diagonalizable.

A diagonalizable linear transformation T is simpler than an
arbitrary linear transformation because the action of T can be
broken up into the eigenvector directions, in which T acts by scalar
multiplication.

The corresponding notion for matrices is the following.

Definition 1.72 An n x n matrix D = [dy] is diagonal if d; = 0
whenever i # j, that is, if all the entries of D off the main diagonal are 0.

Ann x nmatrix A is diagonalizable if A is similar to some diagonal
matrix.

In other words, a matrix A is diagonalizable if there is a diagonal
matrix D and an invertible matrix P such that P"'AP = D.
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The relation between the two notions of diagonalizability is

natural.

Lemma 1.73  Suppose V is a finite dimensional vector space and

T

L.

1.

: V. — V is a linear transformation.

T is diagonalizable if and only if there exists a basis R for V such
that the matrix Ar g representing T with respect to R is diagonal.
Let S be any basis for V. Let At g be the matrix representing T with
respect to S. Then T is a diagonalizable linear transformation if and
only if Ars is a diagonalizable matrix.

Proof

1.

First suppose T is diagonalizable. By definition, V has a basis
R = {v1,v2,...,v,} of eigenvectors of T, say T(vi) = Ay,
i=1,2...,n Let D = [dijJi<ij<n be the diagonal matrix with
diagonal entries d;; = ;. Let v € V be arbitrary. Since R is a basis

for V, there exist scalars a, . .., o, such that v = Y " av;, or
o
[VIr =
(047}
By linearity,

n n n
T (Z aivi) = ZOliT(Ui) = Zaikivi,
i=1 i=1 i=1

or, equivalently,

oA )\,1 0 . . 0 [04]
171 0 A 0 - 0 o

[T(V)]r = . = . e e . = D[v]r.
nkn 0 : © A an

Hence Arr = D, which is diagonal.

Conversely, suppose that R = {vy,vy,...,v,} is a basis for
V such that Apr is a diagonal matrix D = [d;;]i<ij<n. Then
[T(v)]r = D[v]r for all v € V. Note that [v;]z = ¢;, the i standard
basis vector (Definition 1.39), since the expansion of v; in terms
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of R has a coefficient of 1 in front of v; and 0 elsewhere. By
assumption,

[T(vi)]r = D[vi]r = De; = diie; = dii[vi]r = [diiVi]r,

using the diagonality of D and Exercise 1.3.14(ii). This implies
that T'(v;) = dyv; for each i. Thus each v; is an eigenvector of T,
and V has a basis (namely R) of eigenvectors of T.

ii. First suppose T is diagonalizable. By part i, there is a basis R so
that Arg is diagonal. By Lemma 1.61, Ap is similar to Arg, so
A7 g is diagonalizable.

Conversely, suppose Arg is diagonalizable, say similar to a
diagonal matrix D. By Corollary 1.64, there is a basis R so that D
represents T with respect to R, so by part i, T is diagonalizable.

]

It is much easier to do computations with a diagonal matrix
than with a general one. For example, multiplying a vector by
a general n x n matrix requires a total of n? multiplications. If
the matrix is diagonal, however, it requires only n multiplications.
More dramatically, computing a large power of a diagonal matrix
is easy, whereas for a general matrix it requires a huge number of
multiplications to do directly (compare with Example 1.82). So for a
diagonalizable linear transformation T, Lemma 1.73, part i, answers
our basic question of how to choose a basis to simplify computations
with T: we select a basis that diagonalizes T.

It is not easy to determine whether a given linear transformation
T : V — V isdiagonalizable. By definition, T is diagonalizable if and
only if V has a basis of eigenvectors of T. If V is n-dimensional, this
means T is diagonalizable if and only if T has n linearly independent
eigenvectors. By Lemma 1.69, the maximum number of linearly
independent eigenvectors of T is Zi;l m;, the sum of the geometric
multiplicities of the eigenvalues. Thus T is diagonalizable if and only
if Zle m; = n.

The same criterion holds for a matrix A. If we consider the linear
transformation T defined by T'(x) = Ax (so A represents T in the
Euclidean basis), then by Lemma 1.67, A and T have the same
eigenvalues with the same geometric multiplicities. By Lemma 1.73,
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T is diagonalizable if and only if A is diagonalizable. So an n x n
matrix A is diagonalizable if and only if the sum of the geometric
multiplicities of the eigenvectors of A is n, that is, if and only if A
has n linearly independent eigenvectors.

In the special case in which A or T has n distinct eigenvalues,
each eigenspace must have dimension one (at least one, by
definition, and at most one by relation (1.34)). So the sum of
the geometric multiplicities is n. Hence A or T is automatically
diagonalizable.

To see if A or T is diagonalizable when there are less than
n distinct eigenvalues, we have to consider the eigenspaces and
determine whether the sum of their dimensions is n.

Now we turn to practical matters of computation. Lemma 1.74
tells us how to carry out the diagonalization of a diagonalizable
matrix, assuming we know the eigenvalues and eigenvectors. A little
thought shows that a diagonal matrix D has eigenvalues equal to
its diagonal entries (with eigenvectors equal to the standard basis
vectors). But we have already noted that similar matrices have the
same eigenvalues (Corollary 1.68). So if A is similar to D, the only
possible entries for the diagonal matrix D are the eigenvalues of A.
This explains part of the following result and shows why eigenvalues
play a central role in diagonalization of matrices.

Lemma 1.74 Let A be an n x n diagonalizable matrix.

i. Let vy,Vy,...,Vy be n linearly independent eigenvectors of
A (which exist, as noted above). Let Ai, Ay, ..., A, be the
corresponding eigenvalues. Let P be the matrix whose j™ column
is the vector v;. Let D = [dj] be the diagonal matrix whose j"
diagonal entry dj; is A;. Then P"'AP = D.

ii. Conversely, if P"'AP = D, where D is a diagonal matrix, then
the columns of P are linearly independent eigenvectors of A, with
corresponding eigenvalues equal to the diagonal entries of D.

Proof
i. Note that the desired equation P"!AP = D is equivalent to
AP = PD. We calculate

AP =A [U1 Vg« Un] = [AU1 Avy - -+ Avn] = [)\.11}1 AUy - - - )"nvn] .
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On the other hand,

M 0 - -0
A .
PD = [v; vy - Uy 0 72 0 0 = [A1v1 Aavz - - - AUl
0 - - 0 Ay

This proves part i. Part ii is proved by reversing these steps; we leave
this as Exercise 1.5.3. |

The suspicious reader will note that we have not yet proved that a
matrix necessarily has any eigenvalues. In fact, a matrix over R may
not have any real eigenvalues (Exercise 1.5.4(i)), although a matrix
over C must have complex eigenvalues, as we will see. Also, we have
not yet learned how to find the eigenvalues and eigenvectors of a
matrix when they exist. For this, we assume some basic facts about
determinants.

Definition 1.75 The determinant of an n x n matrix A, denoted
det A or det(A), is defined as follows. If A isa 1 x 1 matrix, say A = [al],
let det A = a. For a 2 x 2 matrix, define

a b
det[ c d]—ad—bc.

Proceeding inductively, suppose the determinant of an (n — 1) x (n — 1)
matrix has been defined. Now let A = [a;] be an n x n matrix. For
1 <1i,j <mn, the (i)™ minor M of A isthe (n — 1) x (n — 1) matrix
obtained from A by deleting the i row and j™ column of A. Define

n
detA =Y (=1)"Yay; det My;. (1.37)
j=1

As an example, for a 3 x 3 matrix,

an diz dis

azy  Az3
det ay; dyy A3 = andet[ a a
32 33
az  dz  Aazz

az a3 az; Ay
—alzdet + a13d6t
aszy  ass asz  asp
= an (axazs — axzas;)

—ayy (Anazz — azsaz) + az (axnaz; — anaz) .
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Actually we can expand det A along any row or column by an
expression similar to equation (1.37), but proving this takes some
work and this definition will be sufficient for our purposes. In
practice, applying Definition 1.75 is a very slow way to compute
the determinant of a large matrix. Instead we apply elementary
row operations to the matrix and keep track of their effects (which
are simple) on the determinant, until we reach an upper triangular
matrix, whose determinant is the product of its diagonal elements.
We do not go into this further here, as our purpose is only to compute
a few simple examples by hand to illustrate the ideas we have been
discussing.

We assume the following two facts about determinants, whose
proof can be found in most linear algebra texts.

Theorem 1.76 Let A be an n x n matrix. Then
i. A isinvertible if and only if det A # 0.
ii. If Bis another n x n matrix, then det(AB) = det A det B.

Assuming Theorem 1.76, we can compute the eigenvalues and
eigenvectors of a matrix. First we need a definition.

Definition 1.77 Let A be an n x n matrix. The characteristic
polynomial of A is

det(Al — A),
regarded as a polynomial in the variable A.

A few examples should convince you that the characteristic
polynomial of an n x n matrix is a polynomial of degree n whose
highest order term is A". The characteristic polynomial plays a key
role throughout linear algebra, but for us its main use comes from
the following observation.

Lemma 1.78 Let A be an n x n matrix. Then the eigenvalues of A
are the roots of the characteristic polynomial of A.

Proof
By definition, A is an eigenvalue of A if and only if there is
a nonzero vector v such that (\I — A)v = 0. Equivalently, the

linear transformation T' defined by T(x) = (Al — A)x is not 1 — 1
(Exercise 1.4.7). By Exercise 1.4.8(v), this happens if and only if
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T is not invertible, hence (by Lemma 1.55) if and only if Al — A
is not invertible. By Theorem 1.76, part i, this is equivalent to
det(AI — A) = 0, which means that A is a root of the characteristic
polynomial of A. |

The characteristic polynomial of a matrix A may not have any
real-valued roots (Exercise 1.5.4(i)). However, by the fundamental
theorem of algebra (Theorem 1.28), any nonconstant polynomial has
a complex root. This is one of the reasons we prefer to work with the
field C. So if we regard our matrices as being complex (which we can,
even if all the entries are real), then every matrix has an eigenvalue.
In fact, by Corollary 1.29, every polynomial splits completely into a
product of linear factors over C. Hence if A is an n x n matrix over
C, we can write

det(Al — A) = (A — A))(A — A2) - - - (A — Ap), (1.38)

where some A; may be repeated. (There is no constant in front
because the coefficient of A" is 1.) These Aj, Ay, ..., A, are the only
roots of the characteristic polynomial, that is, the eigenvalues of A.
To deal with the possibility that some A; are repeated in equation
(1.38), we make the following definition.

Definition 1.79 Let A be an n x n matrix over C. Let Ay, Ay, ..., Ak
be the distinct eigenvalues of A. Then the characteristic polynomial of A
can be written

det(Al — A) = (A — A)™ (A — A2)™ - - (A — A)™, (1.39)

where each m; is a positive integer, called the algebraic multiplicity of
the eigenvalue A;.

If A is an n x n matrix, then the characteristic polynomial of A has
degree n, so the sum of the algebraic multiplicities of the eigenvalues
of A is n. By Corollary 1.70, the sum of the geometric multiplicities
is at most n. In fact, more is true: for each eigenvalue, its geometric
multiplicity is less than or equal to its algebraic multiplicity. We
do not need this fact, so we will not prove it. However, we do
note that it gives another criterion for diagonalizability: a matrix
is diagonalizable if and only if the geometric multiplicity of each
eigenvalue is equal to its algebraic multiplicity (since that is the
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only way the sum of the geometric multiplicities can be n). Exercise
1.5.8 shows that this may fail.

Notice that the fact that a matrix must have a (complex)
eigenvalue tells us that a linear transformation T : V — V on a
finite dimensional vector space V over C must have an eigenvalue,
since its representation by a matrix with respect to any basis must
have one.

Next we see that the characteristic polynomial and the algebraic
multiplicities of the eigenvalues of a matrix are similarity invariants.

Lemma 1.80 Suppose A and B are similar matrices. Then
det(Al — A) = det(AI — B).

In particular, the algebraic multiplicities of the eigenvalues of A and B
are the same.

Proof
Let P be such that B= P~'AP. Then

M—B=A —P AP =P 'AIP — PT'AP = P7' (Al — A)P,

since P commutes with I and with multiplication by the scalar A,
and hence cancels with P~!. By Theorem 1.76, part ii,

det P~'det P = det(P"'P) = detl = 1.
So

det(Al — B) = det(P~' (Al — A)P)
= det(P ") det(Al — A)det P = det(Al — A).

The remark about algebraic multiplicities is now obvious because
they are determined by the characteristic polynomial. |

We are now ready for an example and some applications.

Example 1.81
Let

s
Il
|
—
o~ o
oNo
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Determine whether A is diagonalizable, and ifit is, find an invertible
matrix P and a diagonal matrix D such that D = P"1AP.

Solution
We begin by computing the characteristic polynomial of A:

A+2 0 —6
det(Al —A)=det| 1 Ar—1 =2
2 0 Ar-—5

= +2)A— DA —5)+ (—6)[0 — 2(r — 1)]
= =1 =31+2)=(—1)*r—2).

So 1is an eigenvalue of algebraic multiplicity 2 and 2 is an eigenvalue
of algebraic multiplicity 1. We start by computing the eigenspace E;
of 1, which consists of all vectors v such that (1I — A)v = 0, that is,
all solutions of

3 0 —6 a 0
1 0 -2 b [=]20
2 0 —4 c 0

These equations all give the same constraint, namely a = 2¢. So we
can arbitrarily pick b and ¢, if we then set a = 2¢. Thus E; consists
of all vectors of the form

2c 0 2
b |=b| 1 |4+c| 0 |,
c 0 1

for some scalars b and c. This shows that E; is two dimensional,
spanned by the linearly independent vectors

0 2
1 and 0
0 1

We see now that A is diagonalizable. Similar analysis shows that the
eigenspace corresponding to the eigenvector 2 is spanned by the
vector
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Hence by Lemma 1.74, we take

0 2 3 1 00
P=|(1 01 and D=| 0 1 O
0 1 2 0 0 2
A computation shows that
1 1 =2
Pl'=| 2 0 -3
-1 0 2

We can check this: direct computation shows that P"!AP =D. N

It is easier to compute with a diagonalizable matrix A. For
example, consider computing large powers of A. IfP~'AP = D, then
A = PDP~!. For any positive integer k,

A*=ppp~'PDP 'PDP! ... PDP! = PDFP7,

since the middle terms P~'P cancel out. But D is the diagonal
matrix whose diagonal entries are the k™ power of the corresponding
diagonal entries of D. In some cases we can find roots of matrices
also.

Example 1.82
Let A be the matrix in Example 1.81.
i. Compute A%,
ii. Find a matrix B such that B = A.

Solution
i. As noted above, A% = pp?°p~!

0 2 3771 0 o 1 1 =2
=1 0 1 01 0 2 0 -3
| 001 2|0 0 2% -1 0 2
0 2 371 1 1 —-27]
=11 0 1 2 0 -3
001 2 || 2% o 2% |
4-3.220 0 —543.2%
= 1—-2%0 1 2424
| 2-2"" 0 —3+42%
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ii. Since the diagonal entries of D are nonnegative, it is easy to
find a matrix C such that C? = D, namely

1 0 O
C= 0 1 0
0 0 2
Then B = PCP~! satisfies
B?> = pCP~'PCP™! = PC?’P~! = PDP™! = A.
Computation gives

4-3J2 0 —6+642

B=| 1—-42 1 —2+4+22 |,
2—-2J2 0 —3+4442
which would be difficult to guess. |

The next two examples give a stronger sense of the power of
diagonalization. The first involves solving a difference equation.

Example 1.83
Define a sequence {x,}°°, inductively by setting xo = 1,x; =1, and,
forn >0,

Xpto = ZXn+1 + SXVZ- (140)
Find a closed form expression for x,,.

Solution
For each n > 0, define the vector

Xn+1
Up = .
From equation (1.40), we obtain

Xnt2 2xp41 + 3%, 2 3 Xnt1
= = = = A
tn1 |: Xn+1 i| [ Xn41 10 Xn s

where
2 3
A_[l 0].
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Hence
_ A2 _ _oan
Uy, = A1 = AUp—p =+ = A Up.

Since the conditions xo = x; = 1 give us uy, we need to compute
only A". A computation shows that the eigenvalues of A are A = 3

with eigenvector [3 1] and A = —1 with eigenvector [-1 1]. Hence
3 —1 3 0 1 1 1
— -1 _ -
St FE | P Y
Consequently,
A — PDnP—l

3 =13 o Ji[ 1 1
-0 S Bl

B l|: 3Vl+1 _ (_1)Vl+1 37’1—0—1 +3(_1)Vl+1 i|

4 n __ (_1))1 31’1 + 3(_1)7‘[
Therefore
XVl-‘rl _ n
(5 Jesmsn

B 1 3n+1 _( 1)n+1 3Vl+1 + 3(_1)n+1 1

4 — (=" 3" 4 3(—1)" 1

B 1 2. 3n+l + 2( 1)Vl+l

T4l 2.3 2= |
In particular

@+ (=DYH

2

(Note that we did not need to compute the first entry of A"u,.) One
can check directly that x,, satisfies the initial conditions xo = x; = 1
and that the recurrence relation (1.40) holds. |

One can use this method to determine a formula for the nt"
Fibonacci number (Exercise 1.5.6).
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The next example shows how diagonalization can be used in
solving systems of differential equations.

Example 1.84
Find the general solution to the system of differential equations

y/l = —2y1 + 6y3
Yo =—th + 2+ 2ys (1.41)

Yy = =21 + 5ys.

Solution

Let y denote the vector with components y1,y»,ys. Let A be the
matrix in Examples 1.81 and 1.82. For P and D obtained there, we
can write the given equations as

y = Ay = PDP™'y.
This is equivalent to
Py =DPy.

Let z = P~'y, and let the components of z be zj, z3, z3. Then (using
the linearity of the derivative) our equation just becomes z' = Dz,
or

/ / /
Zy =21, Z2,=2y, and, zj=2z;.

By basic calculus we know that the general solutions to this are
z1(t) = Cie', z3(t) = Cye', and z3(t) = Cze* (the general solution to
f' = kf is f(t) = Ce", where C is an undetermined constant). But
y = Pz. Thus the solution is

vi() 0 2 3 Cé 2C,€" + 3C3e%
w |=[1 01 Cret | =| Cie' + Cse*
y3(t) 01 2 Cye?t Cye' + 2C5e*

One can check that y;(t), y2(t), and y;(¢) satisfy system (1.41). N

In this example, the diagonalizability of A allows us to change
basis (to the z-coordinates) in such a way that the equations decouple
into one-dimensional equations. This is the basic idea behind
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diagonalization: the problem is broken up into simpler, independent
problems.

Not every matrix or linear transformation is diagonalizable
(Exercise 1.5.8). One might ask how close one can get in general; that
is, for an arbitrary matrix A, if we look among all similar matrices,
how close to diagonal is the “best” one? One answer is that there is
always a matrix that has the eigenvalues of A on the main diagonal
(repeated in blocks according to algebraic multiplicity), either 0 or 1
at every entry on the superdiagonal (the shorter diagonal just above
the main diagonal), depending on the geometric multiplicity of the
eigenvalues, and 0 everywhere else in the matrix. This matrix is
called the Jordan canonical form of A; it is a complete similarity
invariant of A in the sense that each matrix is similar to only
one matrix in Jordan canonical form (up to permutation of the
eigenvalues), and two matrices are similar if they have the same
Jordan form. This is something of the theoretical culmination of
elementary linear algebra, but we do not need such a powerful and
general result here. We are mainly concerned with the simpler case
of diagonalizable matrices.

Exercises

1.5.1. Suppose A and B are n X n matrices over a field F, where
either F = R or F = C. Suppose A ~ B, say B= P !AP. Let
A be a scalar, and v a vector (in R" if F = R, in C" if F = C).

i. Prove that Av = Av if and only if B(P~'v) = AP~ v.

ii. Give a direct proof of Corollary 1.68, that is, a proof
without using Lemma 1.67 or Corollary 1.64. Hint:
Similarly to Exercise 1.4.8(i), prove that multiplication
by an invertible matrix preserves linear independence.

1.5.2. Let A be an n x n matrix over R or C. Prove that A
is invertible if and only if the columns of A, regarded
as vectors, are linearly independent. Hint: Let T be the
linear transformation defined by T(x) = Ax. Let v; be
the jM column of A, regarded as a vector. Prove that
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1.5.3.

1.5.4.

1.5.5.

1.5.6.

1.5.7.

spanf{vy,...,v,} = range T (e.g., by applying Exercise
1.4.8(ii) with w; = ¢;), and recall Lemma 1.57 and Theorem
1.42.

Prove Lemma 1.74, part ii: If P is an invertible matrix with
columns vy, vy, ..., Vs, D = [dy] is a diagonal matrix, and
P71AP = D, then the columns of P are linearly independent
(this follows just from the invertibility of P and Exercise
1.5.2) and Av; = dyv; foreachi = 1,2,...,n (i.e, v; is an
eigenvector of A with eigenvalue equal to the i diagonal
entry of D).

Let

i. Regarding A as a matrix over R, show that A has no real
eigenvalues.

ii. Regarding A as a matrix over C, find the complex
eigenvalues of A and a corresponding eigenvector for
each eigenvalue.

iii. Find an invertible matrix P over C and a diagonal matrix
D over C such that P"'AP = D.
iv. Use part iii to calculate A%.

v. Check that A?> = —I. Use this to compute A% and
compare with the answer in part iv.
Define xy = 1 and x; = —1. For n > 0, inductively define

Xpa2 = Xny1 + 6x,. Find a formula for x,,.

The Fibonacci sequence is defined inductively by x, = 0,

x1 =1, and for n > 0, x,12 = X,41 + x,. Find a formula for

the n'™ Fibonacci number x,. (Answer: x, = 57227"((1 +

V5t = (1 —=+5")

Let A be an n x n matrix over C.

i. Prove that det(—A) = (—1)"det A. Hint: Use induction.

ii. Suppose that Aq, ..., Ak are the eigenvalues of A and the
algebraic multiplicity of A; is m;, for each i. Prove that
the determinant of A is the product of its eigenvalues,
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1.5.8.

1.5.9.

1.5.10.

1.5.11.

1.5.12.

counted according to multiplicity, that is,
det(A) = AT g,

Many books use this as a more elegant way to define the
determinant, but this approach requires first proving the
existence of eigenvalues. Hint: Make a good choice of A

in equation (1.39).

Remark: This implies that the determinant of a matrix
is a similarity invariant (since the eigenvalues and their
algebraic multiplicities are). This can be seen more directly
using Theorem 1.76, part ii.

Let
3 1
A=
o]
Show that 3 is a eigenvalue of A which has algebraic

multiplicity 2 but geometric multiplicity 1. Conclude that
A does not have a basis of eigenvectors and hence is not

diagonalizable.
Let
2 00
A= 3 2 1
3 0 3
i. Find a diagonal matrix D and an invertible matrix P such

that P"'AP = D.
ii. Find a matrix B such that B> = A.
Let A be an n x n matrix over C. If A is diagonalizable and
k is a positive integer, prove that A* is diagonalizable. How
are the eigenvalues and eigenvectors of AX related to those
of A?
Find the general solution to the system of differential
equations

Yy = 8y1 — 15y,
Yy, = 2y1 — 3y2.

We say matrices A and B are simultaneously diagonalizable if
they are diagonalized by the same matrix, that is, if there
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exists an invertible matrix P such that P"'AP = D, and
P71BP = D,, for some diagonal matrices D, and D,. If A
and B are simultaneously diagonalizable, prove that they
commute: AB = BA. Hint: Note that any two diagonal
matrices commute.

1.5.13. Under the assumption that the n x n matrix A has n distinct
eigenvalues, prove the converse to Exercise 1.5.12: If B is
an n X n matrix that commutes with A, then A and B are
simultaneously diagonalizable (see Exercise 1.5.12 for the
definition). Hint: If v; is an eigenvector of A with eigenvalue
Aj, use the commutativity of A and B to show that By; is an
eigenvector of A with eigenvalue 4;, hence is a multiple of
v;. Remark: This result is true without the assumption that A
has n distinct eigenvalues: If A and B are diagonalizable and
commute, then A and B are simultaneously diagonalizable.
This result is important in quantum mechanics.

1.6 Inner Products, Orthonormal Bases,
and Unitary Matrices

The notions we have considered so far, such as linear independence
and bases, make sense for any vector space. However, our main
examples R" and C", as well as certain infinite dimensional vector
spaces, possess the additional structure of having an “inner product.
An inner product is a generalization of the dot product for vectors
in R". It gives a generalized notion of perpendicularity, called
orthogonality. This leads to orthonormal bases and unitary matrices,
which are particularly simple to use.

ForxandyinR", with components x1, x;, ..., x, and y1, yz, . . ., Yn,
respectively, the dot product of x and y is the real number

XY= ijyj-
j=1

The analog in the complex case is the following.
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Definition 1.85 Suppose z, w € C", say

m T - W
Zy wy
z = and w =
L Zn | | wy

The (complex) dot product of z and w is

n

zZ- W = E ij]',

j=1
where wj is the complex conjugate of w;.

We will see the reason for the conjugate in Definition 1.85 soon.
This complex dot product is a special case of a (complex) inner
product.

Definition 1.86 Let V be a vector space over C. A (complex) inner
product is a map (-,-) : V x V. — C with the following properties:
I1. (Additivity) (u +v, w) = (u, w) + (v, w) forall u,v,w € V.
I2. (Scalar homogeneity) (au,v) = o(u,v) for all « € C and all
uvev.
I3. (Conjugate symmetry) (u,v) = (v, u) forallu,v € V.
I4. (Positive definiteness) (u,u) > 0 for allu € V, and (u, u) = 0 if
and only if u = 0.
A vector space V with a complex inner product is called a (complex)
inner product space.

Additivity (I1) in the first variable together with conjugate
symmetry (I3) imply (Exercise 1.6.1) additivity in the second
variable:

(w,v+w) = (u,v) + (u,w) forall u,v,w € V. (1.42)

However, scalar homogeneity (12) in the first variable and conjugate
symmetry (I3) yield (Exercise 1.6.1) conjugate linearity in the
second variable:

(u, vy = a(u,v), foralla € Cand all u,v € V. (1.43)
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Example 1.87

For z,w € C", define {(z,w) = z - w. Then {-,-) is a complex inner
product on C" (Exercise 1.6.2(1)). In checking this fact, one can see
that the conjugate in the definition of the dot product for vectors
in C" is needed to obtain the positive definiteness property 14. This
explains the need for the conjugate symmetry I3.

For a vector space V over R, we define a real inner product
similarly, except that (u, v) is always a real number, and we consider
only @ € R in I2. In this case, 13 becomes just (u, v) = (v, u). As an
example, define (x,y) = x - y, for x,y € R". Then (Exercise 1.6.2(ii))
(-, -) is a real inner product on R".

In this text, we are primarily concerned with complex inner
product spaces. Nearly all of the results we discuss also hold for
real inner product spaces, when formulated appropriately. To avoid
notational confusion, we discuss only the complex case because that
is what we need later.

Example 1.88
Let £*(N) be the set of all square-summable complex sequences:

o.¢]
(N) = 1{z 2, -z € Cforallj, and Z |zj]* < oo.
j=1
With the obvious componentwise addition and scalar multiplication,
¢*(N) is a vector space over C (Exercise 1.6.3(ii)). For z = {z}2, €
C(N) and w = {wj}®, € £*(N), let

o0

(z,w) = _ 7.

j=1
(By Exercise 1.6.3(iii), this series converges absolutely.) Then (, -)
is a complex inner product on ¢%(N) (Exercise 1.6.3(iv)).

Example 1.89
Let C([0, 1]) be the set of continuous, complex-valued functions on
the closed interval [0, 1]:

C([0,1]) = {f : [0,1] — C such that f is continuous on [0, 1]}.

(A complex valued function f on [0, 1] is continuous if its real part
u(x) = Re f(x) and its imaginary part v(x) = Im f(x) are continuous.)
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With pointwise addition and scalar multiplication (as in Example
1.33), C([0, 1]) is a complex vector space. For f, g € C([0, 1]), define

1
(ig) = fo F (9200 .

(The integral over [0, 1] of a complex-valued function f(x) = u(x) +
iv(x), where u and v are real-valued, is defined to be fol u(x)dx +
ifol v(x)dx.) Then (:,-) is a complex inner product on C([0,1])
(Exercise 1.6.4).

An inner product always yields a norm (Exercise 1.6.5) in the
following way.

Definition 1.90 Let V be a vector space over C with a complex inner
product (-, -). For v € V, define

vl = v/ (v, v).

(The square root is defined as a nonnegative real number because of
property 14 in Definition 1.86.) We call ||v|| the norm of v.

Notice that for R", this norm agrees with the usual notion of the
length of a vector.

From now on, when we say V is a complex inner product space,
we assume (unless otherwise stated) that (-, -) denotes the inner
product on V and || - || denotes the norm on V obtained from the
inner product as in Definition 1.90.

Lemma 1.91 (Cauchy-Schwarz inequality) Let V be a complex inner
product space. Then for any u,v € V,

[(w, ) < lulllivll.

Proof

Let u,v € V. If v = 0, then {(u,v) = (4, 0v) = 0(u,v) = 0, so the
result holds automatically. Now assume v # 0. For any A € C, the
positive definiteness of the inner product (property 14 in Definition
1.86) implies

0 < {(u-+Arv,u-+ Av).
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Expanding the right side (using the linearity properties I1, and 12,
and equations (1.42) and (1.43)) gives
0 < (w,u) + (u, Av) + (v, u) + (Av, AD)
= llull® + 2w, v) + 2w, v) + APVl
where we used 13 in the last line. Now select
{w, v)
ol

Substituting this into the preceding expression yields

(w,0)l* | [, 0))? [(w, v)I?
0 < lul? — 257 S oll? = u)? - S
vl vl vl
which yields
[(w, ) < ulPllv]®.
Taking the square root of both sides yields the result. |

A consequence of this is a general version of the triangle
inequality.

Corollary 1.92 (Triangle inequality in an inner product space)
Let V be a complex inner product space. Then for u,v € V,

lu+vll < llull + vl

Proof
Applying the definitions and the Cauchy-Schwarz inequality gives:

lu+vl* = u+v,u+v) = uu + uv)+ v u + © )
< llull® + 2l ulllivll + ol = Clul + lvD? .
Now take the square root of both sides. |
Recall from calculus that for x and y in R? or R3, we have
x -y = llxllyll cos 6,

where 0 is the angle between x and y. In particular, x is perpendicular
to y if and only if x - y = 0. In a general inner product space, which
we may not be able to visualize, we use the inner product to define
a generalized notion of perpendicularity.
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Definition 1.93 Suppose V is a complex inner product space. For
u,v € V, we say that u and v are orthogonal (writtenu L v)if (u,v) = 0.

Notice that if u | v, then expanding the inner product gives
lu 4+l = llull® + (w,v) + (v, u) + oI = ull® + lvI®. (1.44)
This is a general version of the Pythagorean theorem.

Definition 1.94 Suppose V is a complex inner product space. Let
B be a collection of vectors in V. B is an orthogonal set if any two
different elements of B are orthogonal. B is an orthonormal set if B is
an orthogonal set and ||v|| = 1 for all v € B.

Orthogonal sets of nonzero vectors are linearly independent.

Lemma 1.95 Suppose V is a complex inner product space. Suppose
B is an orthogonal set of vectors in V and 0 € B. Then B is a linearly
independent set.

Proof
Suppose u, Uy, ..., ur € B and there exist scalars oy, ay, ..., ar such
that

o Uy +aguy + - - -+ agur = 0.

Take the inner product of both sides with u;, where j € {1,2,..., k}
is arbitrary. By the orthogonality assumption, (u;, u;) = 0 for [ # j.
We obtain

0(j<1/t]', Mj) =0.

Since u; # 0 (since 0 ¢ Bby assumption), we have (u;, uj) = [|u;]|* # 0
(by I4), hence «; = 0. Since j is arbitrary, this proves that B is linearly
independent. u

Lemma 1.96 Suppose V is a complex inner product space, and
B = {u1,uy,...,u,} is an orthogonal set in V with u; # 0 for all j.
If v € span B, then

_ Z 0 |Z ;. (1.45)
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Proof
Since v € span B, there exist scalars a1, oz, . . ., @, such that

UV =auUy + ooy - .

For each j, taking the inner product of both sides of this equation
with u; and using the orthogonality of the elements of B gives

v, uj) = oj{uj, wy).
Solving for «; gives equation (1.45). |

For a general element u belonging to the span of a finite set, one
has to solve a system of linear equations to find the coefficients in
the expansion of u. Lemma 1.96 demonstrates the basic advantage
of orthogonality: for B orthogonal and v € spanB, it is easy to
determine the coefficients in the expansion of the element v. Notice
that if we assume that B is orthonormal, then equation (1.45)
simplifies further to

n
v=> (v uw)w. (1.46)
j=1
Equation (1.45) suggests the notion of orthogonal projection.

Definition 1.97 Suppose V is a complex inner product space, and
B = {u1,uy, ..., uy} is an orthogonal set in V with u; # 0 for all j. Let
S = span B. (By Exercise 1.3.3, S is a subspace of V.) For v € V, define
the orthogonal projection Ps(v) of v on S by

n

Ps(v) =Y W), (1.47)

2 7
=yl

The orthogonal projection operator Pg has the following proper-
ties.

Lemma 1.98 Let V, B, S, and Ps be as in Definition 1.97. Then
i. Pgis a linear transformation.
ii. Foreveryv € V, Ps(v) € 8.
iii. Ifs €S, then Ps(s) =s.
iv. (Orthogonality property) For any v € V and s € §,

(v—Ps(v)) Ls.
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v. (Best approximation property) For any v € V and s € S,
lv—=Ps)ll < llv—sl,
with equality if and only if s = Ps(v).

Proof
Property i follows from the additivity of the inner product (I1 in
Definition 1.86) and the relation (1.47). Also, expression (1.47) shows
that Pg(v) € span B = §, so ii holds. Lemma 1.96 implies iii.

For iv, let v € V and first note that for each m, the orthogonality
of B implies that

P, ) = 3 0 1) = (0, 1),

= 2
Equivalently
(v —=Ps(v), um) =0,
so (v —Ps(v)) L uy form=1,2,... n Since any element s € Sis a
linear combination of uy, .. ., u,, it follows that (v — Ps(v)) L s.

To prove v, let v € V and s € S. Then

lv = s||> = llv — Ps(v) + Ps(v) — sl|”> = lv — Ps()II* + |IPs(v) — s||*
> |lv — Ps(v)|1?,

where the next to last step follows from equation (1.44), since s and
Pg(v) belong to the subspace S, so Ps(v) —s € S, and by part iv,
v — Pg(v) is orthogonal to everything in S. Taking the square root
implies v. |

Property v of Lemma 1.98 says that the closest element to v in
the subspace § is the orthogonal projection Ps(v). This corresponds
to our geometric intuition in the case of R? or R3. It also shows
that, despite the definition, Pg does not depend on the choice of
orthonormal basis B for S: for any two orthonormal bases of S, the
resulting projections are the same. Exercise 1.6.8 gives a more direct
proof of this fact.

Starting with a linearly independent set of vectors, we can
obtain an orthonormal set with the same span by the Gram-Schmidt
procedure, as shown by Lemma 1.99.
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Lemma 1.99 (Gram-Schmidt procedure) Suppose V is a complex

inner product space, and {uy, Uy, . . ., U} 18 a linearly independent set in
V. Then there exists an orthonormal set {vy, Uy, ..., Uy} with the same
span.

Proof

For each k = 1,2,...,n, let & = span{uy,uy,...,ux}. We
define w;,wy, ..., w, inductively, so that at each stage the set
Br = {wy,wy,... wy} is orthogonal (we normalize at the end)
and spanB; = S. To start, let w; = wu;. Then B; satisfies
the requirements. By the induction hypothesis, suppose Bx_; =
{wy, w,, ... wx—1} is orthogonal and span Bx_; = Si_1.

Let Ps, | be the orthogonal projection operator onto Sx—; and set

k—1

Wi = U — Pg_ ux = ux — E
j=1

(ug, wy)
Iy, (1.48)
w2 ™
since by assumption By_; is an orthogonal set that spans Sx_;. Notice
that wx # 0 since if wx = 0, equation (1.48) would imply that
ur belongs to Sy—;, contradicting (by Exercise 1.3.9(i)) the linear

independence of {uy, ..., u,}. By property iv in Lemma 1.98, wy is
orthogonal to every element in Sx_;, in particular to wy, ..., Wk—1.
So By is orthogonal.

Now wy, Wy, ... wi—1 all belong to Bx—y € Si—1 < S. Also,

Ps, ux € Sp—1 C S, and ux € S, so by equation (1.48), wx € Sk.
It follows that span Bx C Sk.

To prove the converse inclusion, first note that uy, uy, ..., ux—1 €
Sk—1 = spanBx_; C spanBy. Also, Ps,_ ux € Sq—1 = spanBi_; C
span Bi, and wx € span Bx. So by equation (1.48), ux € span By. It
follows that Sy C span By.

So altogether we obtain Sx = span By, completing the induction

step.
After n steps, this process gives an orthogonal set {ws, ..., w,}
with the same span as {u,, ..., u,}. The orthonormal set {v1, ..., vy}

in the statement of the theorem is obtained by normalization: set
v; = wj/||lwj|l for each j. This does not change the orthogonality or
the span. |
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Definition 1.100 Suppose V is a complex inner product space. An
orthonormal basis for V is an orthonormal set in V that is also a basis.

Every finite dimensional complex inner product space has an
orthonormal basis: by definition, it has a basis, so by Lemma 1.99
there is an orthonormal set that spans V and has the same number
of elements, and hence is also a basis. The standard basis in C”
(Definition 1.39) is an example of an orthonormal basis.

We can compute inner products and norms easily using the
components with respect to an orthonormal basis.

Lemma 1.101 Let V be a complex inner product space with (finite)
orthonormal basis R = {uy, Uy, ..., Uy}
1. Foranyv eV,

n

v=> (v uw)y. (1.49)
=1
ii. (Parseval’s relation) For any v,w € V,

n

(v, w) =D (v, w)w,u). (1.50)

j=1

iii. (Plancherel’s formula) For any v € V,
n
I =" [, ) (1.51)
j=1

Proof

Part i is equation (1.46), which applies to any v € V since R is a
basis for V. To prove ii, apply equation (1.49) to v and w and use the
linearity of the inner product to write

(v, w) = <Z(v, w)u;, w> = ww)uy,w) =Y (v, w)w,u).

j=1 j=1 j=1

Part iii follows from part ii by letting w = v. |

Properties i, ii, and iii make orthonormal bases simple to work
with.

We will consider unitary matrices, which are closely connected
with orthonormal bases.
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Definition 1.102  Let A = [a;] be an m x n matrix over C.

The transpose A' of A is the n X m matrix B = [by] defined by
by = ay, for all i,j.

The conjugate transpose A* of A is the n x m matrix C = [cy]
defined by ci; = ay;, for all i,j.

In other words, the transpose A’ is obtained by interchanging the
rows and columns of A. The conjugate transpose A* is obtained by
taking the complex conjugates of all the entries of A’.

The entries of an m x n complex matrix A = [a;] can be expressed
using inner products by the formula

aij = (A@j, 61'), (152)

where ¢ € C" and ¢; € C™ are the Euclidean basis vectors in
Definition 1.39. To see this, note that the k™ component of Ag; is

n
(Agr = Zflklz(ej)e = ayj,
=1

since (¢)¢, the ¢ component of ¢j, is 1 if £ = j and 0 otherwise.
Hence,

(Aej, e) Z ari(er = ay.

A more general formula is given in Exercise 1.6.18.
Lemma 1.103 Let A be an m x n matrix over C. Then
(Az, w) = (z, A"w),

for every z € C" and w € C™. Furthermore, A* is the only matrix with
this property.

Proof
Let z € C" and w € C™ have components zj,z,...,2, and
w1, Wa, ... Wy, respectively. Let A = [a;] be an m x n matrix, and

let B = [b;j] be an n x m matrix. Note that the j component (Bw);
of Bw is ) ", byw;. Therefore,

n

(Z, BM)) = ZZJW = ZZJ’Z bﬁwi = Z Zb_ﬂZ]Wl

j=1 j=1 i=1 j=1 i=1
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On the other hand,

m n

(Az, w) = i(AZ)iWi = Z Z AyiZ;W;.
i=1

i=1 j=1

Thus, if B = A*, that is, b; = a; or equivalently b_ﬂ = ay for each 1,7,
then (Az, w) = (z, Bw).

To show uniqueness, suppose B = [b;] satisfies (Az, w) = (z, Bw)
for all z € C" and w € C™. By formula (1.52),

aj = (Agj, &) = (¢;, Ber) = (Bey, ;) = by,
as required. |

Definition 1.104 Let A be an n X n matrix. A is unitary if A is
invertible and A™! = A*.

For a matrix over the real numbers, the conjugate transpose is
the same as the transpose. So a real unitary matrix A is one that
satisfies A~! = A'; such a matrix is called orthogonal.

Unitary matrices can be characterized in several interesting
ways.

Lemma 1.105 Let A be an n x n matrix over C. Then the following
statements are equivalent:
1. A is unitary.
ii. The columns of A form an orthonormal basis for C".
iii. The rows of A form an orthonormal basis for C".

iv. A preserves inner products, that is, (Az, Aw) = (z,w) for all
z,w e C"
v. ||Az| = |z||, for all z € C™.
Proof

We first prove that iis equivalent to ii. Let v; be the j column of A. By
definition, the i™ row of A* is the vector 7;, whose components (7;)y,
1 < k < n, are the conjugates of the corresponding components (v;)x
of v;. By the definition of matrix multiplication, the (i,/)) entry of
A*A is

(A*A)y = Y @)k = (vy, 1)
k=1
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By Exercise 1.4.12(ii), A is invertible with A™! = A* if and only if
A*A =1I. Hence A is unitary if and only if (v;, v;) = 1 when i =j and
0 otherwise; that is, if and only if the set {vy, ..., v,} is orthonormal.
If so, this set is automatically a basis for C" since it is a linearly
independent set (Lemma 1.95) with n elements in an n-dimensional
space (Theorem 1.42). This proves that i and ii are equivalent.

Applying a similar argument to AA* proves that i and iii are
equivalent (Exercise 1.6.9).

Next, we show that i and iv are equivalent. By Lemma 1.103,

(Az, Aw) = (z, A*Aw).

If 1 holds, that is, A*A = I, then iv holds. Conversely, if iv holds,
then for any z and w,

(z,w— A*Aw) = 0.

Taking z = w — A*Aw shows that A*Aw = w. Since this holds for all
w, we obtain (by Exercise 1.4.6(i)) that A*A = 1.

We leave the proof that i is equivalent to v as Exercise
1.6.7(iv). [ |

If O is an orthonormal basis, then the change of basis matrices
going from the O coordinates to the Euclidean coordinates or
vice-versa are unitary.

Lemma 1.106 Let E = {ej,ey,...,6e,} be the standard basis for
C" (Definition 1.39) and suppose that O = {uy, uy,..., Uy} i8 an
orthonormal basis for C*. Let U be the n x n matrix whose j™ column
is the vector u;.
i. Then U is unitary, U is the O-to-E change of basis matrix, and
U* is the E-to-O change of basis matrix.
ii. Suppose T : C" — C" is a linear transformation that is
represented by the matrix A in the standard basis (i.e., T(z) =
Az). Then T is represented in the basis O by the matrix

AT,O - U*A U.

Proof
i. The fact that U is unitary follows from the orthonormality of
O and Lemma 1.105, since any n orthonormal vectors are a
basis for C" (Lemma 1.95 and Theorem 1.42). Exercise 1.4.15
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shows that U is the O-to-E change of basis matrix. By Exercise
1.4.14, the E-to-O change of basis matrix is U™!, which is U*
since U is unitary.

ii. This follows from part i and Lemma 1.61. |

Recall the main theme of section 1.5: we have a linear
transformation T represented in some basis R by a matrix A. We
want to select another basis S so that the matrix B representing T
with respect to S is as simple as possible. We have our choice of B
from among all matrices similar to A, that is, all matrices such that
there exists an invertible matrix P so that B = P~'AP. When R is the
standard basis and S is an orthonormal basis, the matrix P is unitary.
This case is particularly easy, because, for example, a unitary matrix
is easy to invert. This prompts special definitions for the case when
P is unitary.

Definition 1.107 Let A and B be n x n matrices over C. We say that
A and B are unitarily similar if there exists a unitary matrix U such
that B = U*AU. If A is unitarily similar to a diagonal matrix, we say
that A is unitarily diagonalizable.

Remarkably, there is a simple characterization of the unitarily
diagonalizable matrices. The proof is a bit involved, so we leave
it as a series of exercises (Exercises 1.6.11 through 1.6.16) for the
exceptionally motivated student.

Definition 1.108 Ann X n matrix A is normal if A*A = AA™.

Note that unitary matrices are normal. The term “normal”
is misleading because most matrices are not normal. The next
theorem shows that normal matrices are unitarily diagonalizable.
They should be called “exceptional” or “outstanding” rather than
“normal

Theorem 1.109  (Spectral theorem for matrices) Let A be an n x n
matrix over C. Then the following statements are equivalent:
i. A is unitarily diagonalizable.
ii. A is normal.
iii. There is an orthonormal basis for C" consisting of eigenvectors
of A.
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Proof

The fact that i implies ii is Exercise 1.6.11. That ii implies iii is
difficult; the proof is sketched in Exercises 1.6.12 through 1.6.16.
The fact that iii implies i follows from Lemma 1.74: the diagonalizing
matrix can be taken to have columns equal to the elements of the
orthonormal basis of eigenvectors of A, hence this matrix is unitary
by Lemma 1.105. |

The spectral theorem is a major theorem in linear algebra.
Its generalization to infinite dimensional vector spaces is one
of the key theorems in a subject known as functional analysis.
This generalization is much more difficult because in the infinite
dimensional case, the spectrum of T' (the appropriate generalization
of the set of eigenvalues) is not necessarily discrete, so one needs
to introduce some measure on the spectrum. The first step in
understanding this deep result is to understand the matrix case.

There is one more special type of matrix that we should discuss.

Definition 1.110 Let A be an n X n matrix. A is Hermitian if A* = A.

In other words, A = [a;]is Hermitian if the entries obtained when
the matrix A is flipped over its diagonal are the complex conjugates
of the original entries: thatis, a; = aj; for alli, j. Note that the diagonal
entries of a Hermitian matrix must be real. If A has only real entries,
then A is Hermitian if and only if A = A’. Such a real matrix is called
symmetric.

Hermitian matrices have the following characterizations.

Lemma 1.111 Suppose A is an n X n matrix. Then the following are
equivalent:
1. A is Hermitian.
ii. A is normal and the eigenvalues of A are real.
iii. There exists a unitary matrix U and a diagonal matrix D with
only real entries such that A = U*DU.

Proof

(iimplies ii): Suppose A is Hermitian. Then A isnormal: A*A = A% =
AA*. Suppose X is an eigenvalue of A with nonzero eigenvector v.
Then, using Lemma 1.103,

Mo, v) = (A, V) = (Av, V) = (v, A*V) = (v, AV) = (v, AV) = A(V, V).
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Since (v, v) # 0, we obtain A = A, which implies that A is real.

(ii implies iii): Since A is normal, by Theorem 1.109 there exists a
unitary matrix U and a diagonal matrix D such that A = U*DU. The
diagonal entries of D are its eigenvalues, which are the same as the
eigenvalues of A (Corollary 1.68), and hence are real by assumption.

(iii implies i): Suppose A = U*DU with U unitary and D diagonal
with real entries. Then by Exercise 1.6.10(3),

by definition of the conjugate transpose. But since D is diagonal with
real entries, D* = D. So

*=U*DU = A.
Hence A is Hermitian. ||

Unitary matrices have a characterization of a similar nature; see
Exercise 1.6.19.

Exercises

1.6.1. Suppose V is a vector space over C and (-, -) is a (complex)
inner product on V. Prove equations (1.42) and (1.43).
1.6.2. 1i. Check that (., -) as defined in Example 1.87 is a complex
inner product on C".
ii. Check that the dot product is a real inner product on R".
1.6.3. i. For z,w € C, prove that 2|zw| < |z|*> + |w|? and deduce
that |z + w|? < 2(|z|2 + [w?).
ii. Forz = {z}2,, w = {w}2, € ¢*(N) (deﬁned in Example
1.88), and A € C, define z + w = {z + w;}2;, and
AZ = {)»z]}OO Prove that £?(N), with these operations, is
a vector space over C. (The only property in Definition
1.30 that is not obvious is A1, which follows from part i.)
iti. For z = {z}°, € ¢*(N) and w = {w;}°, € ¢*(N), prove
that the series Z —, zjw; converges absolutely.
iv. Prove that (-, -) as defined in Example 1.88 is a complex
inner product on ¢*(N).
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1.6.4. Prove that (-, -) asdefined in Example 1.89 is a complex inner
product on C([0, 1]).

1.6.5. A normed vector space is a vector space V with a map || - ||
(called a norm) defined on V such that

1.6.6.

NI1.

N2.
NS3.

N4.

(Positive definiteness) For any v € V, |v| is a
nonnegative real number.

(Nondegeneracy) |lv|| = 0 if and only if v = 0.

(Scalar compatibility) [|[Av|| = |rll|v]|, for every scalar A
and everyv € V.

(Triangle inequality) |[u + v|| < |lull + ||| for every
uvev.

Suppose V is a complex inner product space. Define || - ||
as in Definition 1.90. Show that V with || - || is a normed
vector space.

Remark: Exercise 1.6.6 shows that there are norms that

do not come from inner products in this way.

ii.

Suppose V with ||-|| isanormed vector space. Foru,v € V,
define d(u,v) = |[u — v||. Prove that V with d is a metric
space. (See Exercise 1.1.2 for the definition of a metric
space.)

This is an example of the different levels of structure

in mathematics. A metric space is more general (i.e., less
structure) than a normed vector space, that in turn is more
general than an inner product space. Roughly speaking, an
inner product space that is complete (called a Hilbert space)
is about as close to having all the structure of C" as possible
without necessarily being finite dimensional.

i.

Let V be a complex inner product space and || - || a norm
obtained from the inner product as in Definition 1.90.
Prove the parallelogram identity:

20lzl1* + 2[lwl* = llz + wl* + llz — wll*

for every z,w € V. To see why this is called
the parallelogram identity, draw two nonzero vectors
z,w € R? with a common base point and consider the
parallelogram with sides z and w. Show that the sums
of the squares of the lengths of the two diagonals equals
the sums of the squares of the lengths of the four sides.
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1.6.7.

1.6.8.

1.6.9.
1.6.10.

ii. Forz € C?, define
zlIlh = |z1] + |22,

where z; and z, are the components of z. Prove that || - ||;
is a norm on C?. This is called the £' norm.
iii. Find vectors z, w € C? such that

201zl + 2wl # Nz +wlif + Iz — w3

Deduce that || - ||; is a norm that does not come from an
inner product.
Let V be a complex inner product space and T : V — V a
linear transformation.
i. (Polarization identity) Prove that for any u,v € V,

4T(w),v) =(T(u+v),ut+v) —(T(u—v),u—"v)
+{{T(u+w),u+w) —(T(u—1v),u—1v).

ii. Prove that a complex inner product is determined by the
norm it induces; that is, if two inner products on V result
in the same norm, then these inner products must be the
same. Hint: Take T in part i to be the identity operator.

iii. Suppose that for all u € V, (T'(u),u) = 0. Prove that T
is the 0 operator, that is, T(v) = 0 for all v € V. Hint:
Apply part i to obtain that (T'(u),v) =0 forall u,v € V,
and then let v = T'(u).

iv. Prove that an n x n matrix A is unitary if and only if
|Az|| = ||z|| for all z € C". Suggestion: Apply part iii to
A*A —1.

Let S be a subspace of a finite dimensional vector space

V.Letv € V. Suppose w € S and (v — w) L s for every

s € S. Prove that w = Ps(v) for Pg as in Definition 1.97. This

gives a characterization of Pg that does not involve a choice

of basis for S, and hence shows that Ps is independent of
the choice of orthonormal basis used in its definition. Hint:

Write w—Ps(v) = (w—v)+(v—Ps(v)) and show that w—Ps(v)

belongs to S but is also orthogonal to every element of S.

Prove the equivalence of i and iii in Lemma 1.105.

Let A and B be n x n matrices over C.
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1.6.11.
1.6.12.

1.6.13.

1.6.14.

1.6.15.

i. Prove that (AB)* = B*A*. (Hint: There is a direct proof,
but it is easier to use the uniqueness result in Lemma
1.103.)

ii. Define A ~ B if there exists a unitary matrix U such that
B = U*AU. Prove that & is an equivalence relation; that
is, (a) A =~ A forany A, (b) if A ~ Bthen B~ A, and (¢)
if A~ Band B~ C then A = C.

In Theorem 1.109, prove that i implies ii.

Suppose T : C* — C" is a linear transformation. Let A be an

nxn matrix over C which represents T in the standard basis,

that is, such that T'(z) = Az. We define the adjoint T* of T to
be the operator T* : C* — C" defined by T*(z) = A*z. We
say T is normal if T*T = TT*, that is, if T*T'(2) = TT*(2)

for all z € C.

i. Prove that T is normal if and only if A is normal. (Hint:
Use Exercise 1.4.6(i1).)

ii. Show that to prove statement ii implies statement iii
in Theorem 1.109, it is enough to prove that if T is
normal, then C" has an orthonormal basis consisting of
eigenvectors of T.

Suppose T : C" — C" is a linear transformation. Prove that

T is normal (see Exercise 1.6.12) if and only if |T*(2)| =

IT(z)|| for all z € C". Hint: Show that the condition

(T*(2), T"(2)) = (T(2), T(2)) is equivalent to (z, (T*T —

TT*)(z)) = 0 (use Lemma 1.103) and apply Exercise

1.6.7(iii).

Suppose T : C" — C" is a normal linear transformation (see

Exercise 1.6.12). Suppose A € C.

i. Prove that (Al — T)* = AI — T*. (This part doesn't require
the normality of T. Hint: The corresponding statement
for matrices is easy.)

ii. Prove that AI — T is also normal.

iii. Forv € C", prove that T(v) = Avifand only if T*(v) = Av.
Hint: Apply Exercise 1.6.13to Al — T

Suppose T : C" — C"is a normal linear transformation (see

Exercise 1.6.12). Suppose A, u € C and A # . Suppose u,

v € C" are eigenvectors of T with eigenvalues A and u; that

is, T(u) = Au and T(v) = pv. Prove that u L v. Hint: Note
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that by Exercise 1.6.14(iii),
Mu, vy = (T(w),v) = (u, T*(v)) = (u, 7v) = pn{u,v).

1.6.16. Suppose T : C* — C" is a normal linear transformation (see
Exercise 1.6.12). Denote the eigenvalues of T by Aj, ... Ax
and the corresponding eigenspaces by E,, ..., E,. Let m; be
the dimension of E;, . Let {u;};"; be an orthonormal basis for

E,,. By Exercise 1.6.15, the set

)

§ = {ujh<i<k1<i<m,
is orthonormal. Let
W = spanS.
Define
wt={zeC": forall wew,zlw}.

i. Prove that W+ is a subspace of C".
ii. Prove thatifw € W, then T*(w) € W. Hint: Use Exercise

1.6.14(iii).
iii. Prove thatify € W+, then T(y) € W+. Hint: Fory € w+
andw e W,
(T(y)w) =y, T"(w)).
Apply part ii.

iv. Let Ty 1 be the restriction of the transformation T to the
subspace W, By part iii, T, is a linear transformation
from W+ to W'. However, any nonzero eigenvector
of Ty, would be a nonzero eigenvector of T in W+.
There cannot be any such eigenvector because all of
the eigenvectors of T belong to W by its definition.
(An element belonging to both W and W+ must be
0 because it is orthogonal to itself.) So Ty. has no
nonzero eigenvectors, hence no eigenvalues. But this is
impossible unless W+ = {0} (by Lemma 1.78, applied
to a matrix representing Ty,. in some basis, and the
fundamental theorem of algebra). Deduce that W = C".
Hint: For a general z € C", write z = z — Py (2) + Pw(2);
by Lemma 1.98, z — Py(2) € W.



Exercises 9 9

1.6.17.

1.6.18.

1.6.19.

1.6.20.

v. Deduce that C" has an orthonormal basis consisting of
eigenvectors of T. With Exercise 1.6.12, this proves the
difficult implication that statement ii implies statement
iii in Theorem 1.109.

Suppose A is an n X n matrix such that A* is a polynomial

in A, that is, there exists m € N and scalars ay, .. ., a;,, such

that

A* = @ A" + A AT 4+ @A+ agl

Prove that A is unitarily diagonalizable.

Suppose that R = {v1,vy,...,v,} is an orthonormal basis
for a complex inner product space Vand T : V — Visa
linear transformation. Let Apr = [ay]1<ij<n b€ the matrix
that represents T with respect to R. Prove that

aij = <T(Uj), Ui>.

Let A be an n x n matrix over C. Prove that A is unitary
if and only if A is normal and all eigenvalues of A have
magnitude 1.

Let A = [a;j] be an m x n matrix over C with row vectors

Uy, Uy, ..., Uy € C" and column vectors vy, vy,...,0v, € C"
(i.e., u; is the vector with components a;1, d; s, ..., din and
v; is the matrix with components a, j, azj, .. ., amj). The row

space of A is

U = span {uy, uy, ..., Un},
and the column space of A is

V = span {v1,v2,...,Un}.

i. Prove that V. = {Az : z € C"}. Hint: Show that Az =

Z101 + - - - + 2,Vy, Where z1, 2o, . . ., 2, are the components
of z.

For z € C" with components z1, 2, ..., 2y, let z € C" be
the vector with components z1, z3, . . ., Z,.

ii. Suppose z € C". Prove that Az = 0 if and only if z L U.
(The statementz L U means that z is orthogonal to every
element of U).
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iii.
iv.

vi.

Define T : U — V by T(z) = Az. Note that T'(z) € V by
i.

Prove that T is 1-1. Hint: Use Exercise 1.4.7 and part ii.
Prove that T is onto. Hint: Let y € V. By i, Az = y for
some z € C". Let w be the orthogonal projection of z
onto U. By definition, (z — w) L U. Apply ii.

Prove that the row space of A and the column space of A
have the same dimension, equal to the rank of A. Hint:
Use Exercise 1.4.8(iv).

Prove that rank A" = rank A. (Here A’ is the transpose
of A; see Definition 1.102.)



~ The Discrete
~ Fourier
cnarrse  Lransform

2.1 Definition and Basic Properties of
the Discrete Fourier Transform

In chapter 1 we worked with vectors in CV, that is, sequences of N
complex numbers. Here we change notation in several ways. First,
for reasons that will be more clear later, we index these N numbers
over j € {0,1,...,N — 1} instead of {1, 2,..., N}. Second, instead
of writing the components of z as z;, we write them as z(j). This
indicates a new point of view: we regard z as a function defined on
the finite set

Zny =1{0,1,...,N —1}.

*

(This is consistent with the formal definition of a sequence as a
function on the set of indices.) To save space, we usually write such
a z horizontally instead of vertically:

z =(2(0),2(1),...2(N —1)).

101
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However, when convenient, we still identify z with the column
vector

2(0)
z(1)
z (.2) 2.1)

| Z(N—1) _

This allows us to write the product of an N x N matrix A by z as Az.
Finally, in order to be consistent with notation for functions used
later in the infinite dimensional context, we write £%(Zy) in place of
CN. So, formally,

C(Zn) ={z =(2(0),2(1),...,z(N —=1)) : 2() € C, 0 <j < N —1}.

With the usual componentwise addition and scalar multiplication,
0*(Zy) is an N-dimensional vector space over C. One basis for £%(Zy)
is the standard, or Euclidean, basis E = {eg,e€1,...,en—1}, where
¢j(n) =1if n =jand ¢j(n) = 0 if n # j. In this notation, the complex
inner product on ¢*(Zy) is

N—1

(z,w) =Y z(kyw(k),

k=0

with the associated norm

N—1 1/2
Izl = (Z |z(k)|2)
k=0

(called the £ norm). We maintain the notion of orthogonality: z L w
if and only if (z, w) = 0.

We make one more convention. Originally, for z € €*(Zy), z(j) is
defined forj =0,1,..., N — 1. Now we extend z to be defined at all
integers by requiring z to be periodic with period N:

zG+N)=2z(), forall jeZ.

Hence, to find z(j) for j # {0,1,..., N — 1}, add some positive or
negative integer multiple mN of N toj untilj+mN € {0,1,..., N—1};
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then define z(j) = z(j + mN). For example, if N = 12, then
2(=21) = 2(—9) = 2(15) = 2(27) = 2(3).

Note that the value of z(j) depends only on the residue of j modulo
N; one can regard z as defined on the equivalence classes of Z mod
N. In particular we can regard z as defined on any other set of N
consecutive integers instead of {0,1,..., N — 1}.

The reader may be familiar with the theory of Fourier series, in
which a function on an interval of real numbers is represented as a
sum of sines and cosines (this is discussed in chapter 4). A similar
phenomenon occurs with functions on Zy.

Definition 2.1  Define Ey, Ey, ..., Ex—1 € €*(Zy) by
Eo(n):% for n=0,1,... N—1;

Ei(n) = =e”™N for n=0,1,..., N —1;

Ey(n) = e WWN for n=0,1,...,N—1;

and
En_1(n) = %ﬁezﬂl(N—WN for n=0,1,...,N—1.

More concisely,
men/N
n for 0<mn<N—1. 2.2
Ep(n) = /—N (2.2)

We use the capital E notation to suggest the exponential function
instead of using the lower-case ¢, which we reserve for the standard
basis vectors noted earlier.

Lemma 2.2 The set {Ey,...,En—1} is an orthonormal basis for
C(ZN).

Proof
Suppose j, k € {0,1,...,N — 1}. Then

Zm'jn/N 1 g2mikn/N
SN U

MZ

(E;, Ex) = ZE (M)Ex(n) =
1 N—1 N—-1

y . 1 L
—— § :627T1]VZ/N6 2mikn/N _ — § :62711(] kyn/N
N N

n=0 n=
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N-—1

1 Z Zm(] k)/N

n=0
where we have used equations (1.14), (1.16), and (1.17). If j = k, the
terms inside the last sum are all 1, so (Ej, E;) = N~! ]1\:01 1 =1
Hence ||E;||* = 1 for each j, so each E; has norm one. If j # k, then
e?MU=R/N £ 1 for 0 <j k < N — 1 since —N < j — k < N. Therefore
the sum is the partial sum of a geometric series, so
1— (62m’(j—k)/N)N

1 — g2miG—k/N '

N—1 3 .
(62n10—k)/N)
=0

n
by equation (1.5). But by equation (1.17),
(ezm(jfk)/N)N — 2=k _ 1,

since j — k is an integer. So for j # k, (E;, Ex) = 0, that is, E; L E.

Thus {Ey, ..., Eny—1} is an orthonormal set, and hence is linearly
independent, by Lemma 1.95. Therefore {Eg,..., Exy—1} is a basis
for €*(Zy) (by Theorem 1.42). [ |
Example 2.3
Let N = 2. Then

Eq = (Eo(0), Eo(1)) = ! (1,1)

0 0 y 0 \/E ) ’
and
1

Ey = (E1(0), Ei(D)) = 7LD,

since €2 = 1 and €™/ = ¢ = —1 by Euler’s formula (Theorem

1.22). Tt is clear that {Ey, E1} is an orthonormal basis for ¢%(Z,).

The values in the case N = 3 do not work out as simply, so we
passon to N = 4.

Example 2.4
Let N = 4. Then (Exercise 2.1.1)

1
Eozz(l,l,l,l),

1
E=-(1,i,—1,—1),
=5 )
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1
EZ = z (1; _1: 1r _1)r
and

1
Ey=—(1,—i,—1,1).
=5 )

One can check directly (Exercise 2.1.2) that {E¢, E;, E, E3} is an
orthonormal basis for ¢%(Zy).

Since {Eg, E1,...,Ex_1} is an orthonormal basis for EZ(ZN),
equations (1.49), (1.50), and (1.51) give us, for all z, w € €*(Zy),
N-—1
2= (2, En)Em, (2.3)
m=0
N-—1
<Z, w) = (Z; Em) <wr Em) (2~4)
m=0
and
N-—1
217 =" 1z, Bl (2.5)
m=0

By definition,

N-—1 N-—1
T 1 .
(2, Em) = ) Z(n)—NeZ’”V””/N == Y " z(me N (2.6)
n=0 n=0

Although equations (2.3) and (2.6) are the most natural equations
from the standpoint of orthonormal bases, a renormalized version
in which the factor of 1/4/N in equation (2.6) is deleted is usually
used in practice.

Definition 2.5 Suppose z = (z(0),...,z(N — 1)) € ¢*(Zy). For
m=20,1,...,N — 1, define

N—-1
Bom) =Y a(me” N (2.7)
n=0
Let
Z = (2(0),2(1), ..., 5(N — 1)). (2.8)

Then z € £*(Zy). The map”: £*(Zx) — €*(Zy), which takes z to Z, is
called the discrete Fourier transform, usually abbreviated DFT.
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Notice that if we use formula (2.7) to define Z(m) for all m € Z,
the result is periodic with period N:

N—1

2(7}’1 +N) = Z Z(n)efzm(WH»N)n/N
n=0
N—1

= z(n)e

n=0

727nmn/N672mNn/N — 2(7}’1),

since e #"NVN = g=27n — ] for every n € Z. Thus using formula

(2.7) for all m is consistent with regarding Z as an element of £*(Zy),
thought of as defined on Z and having period N.

There are a couple of advantages of formula (2.7) compared with
formula (2.6). First, for numerical calculations, it is better to avoid
computing +/N. Second, we will see later that certain formulas (e.g.,
the formula for the DFT of a convolution, in Lemma 2.30 below)
are simpler with the normalization in formula (2.7). Comparing
formulae (2.7) and (2.6), note that

2(m) = v/N(z, En). (2.9)

This leads to the following reformulation of formulae (2.3), (2.4),
and (2.5).
Theorem 2.6 Let z = (2(0),z(1),...,z2(N — 1)), w = (w(0),
w(1),...,w(N — 1)) € £*(Zy). Then
i. (Fourier inversion formula)
N-1

1 ~ .
20 =+ > 2mye™™N forn=0,1,...,N = 1. (2.10)

m=0
ii. (Parseval’s relation)

N-—1

1 A 1
(7w) = < > Emy(m) = ~ & ). (2.11)

m=0

iii. (Plancherel’s formula)

1 N=d A 1
Izl = < > 2o = AN (2.12)
m=0



2.1. Basic Properties of the Discrete Fourier Transform 71()7

Proof
By equations (2.3), (2.9), and (2.2), we have

N—1 N-—1
Z(Vl) — Z<Z: EWL)Em(Vl) — Z N—l/Zé(m)N—l/ZGmen/N’
m=0 m=0

which gives equation (2.10). Similarly, by equation (2.4),

(2,w) = > (2, By ZN‘I/ZA(M)N V20m),

yielding equation (2.11). Then equation (2.12) follows either by a
similar argument or by letting w = z in equation (2.11). |

To interpret the Fourier inversion formula (2.10), we make the
following definition.

Definition 2.7 Form=0,1,...,N — 1, define F,, € £*(Zy) by

m(n) men/N fOV n=01,...,N—1. (213)

’

Let
F={Fy,Fy, ..., Fn_1}. (2.14)
We call F the Fourier basis for €%(Zy).

By equation (2.2), F, = N~V2E,,. Hence Lemma 2.2 shows that
F, as its name suggests, is a basis (in fact an orthogonal basis) for
0*(Zy). With this notation, equation (2.10) becomes
N—1
z=Y 2(m)Fp. (2.15)
m=0
In other words, if we expand z in terms of the Fourier basis F, the
coefficient of F,, is z(m). Therefore, the vector representing z with
respect to the Fourier basis is z; that is,

5 =[2]r, (2.16)

in the notation of Definition 1.43. Thus the Fourier inversion formula
(2.10) is the change-of-basis formula for the Fourier basis. The DFT
components z(m) are the components of z in the Fourier basis.
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The DFT can be represented by a matrix (as we should expect
because equation (2.7) shows that the map taking z to Z is a linear
transformation). To simplify notation, define

oy = G—Zm/N
Then
efzmmn/N — a)xn
and
emen/N — w;}mn'
In this notation,
N-—1
ol _ mn 2 17
z(m) = ) z(mwy . (2.17)
n=0

To match up with our notation for vectors, we modify our notation
for matrices by indexing the rows and columns from 0 to N—1 instead
of from 1 to N.

Definition 2.8 Let Wy be the matrix [WynJo<mn<n-1 Such that
mn

Wimn = W), Written out, this is
11 1 1 1 ]
1wy w3 w3y, oN !
1 o} Y 0% 12\}(1\!—1)
Wy=|1 o) o o oYL (218)
1 w%_l a)IZ\I(N_l) wiT(N—l) o wl(\lr\l—l)(N—l) |

Regarding z, Z € €*(Zy) as column vectors, as in equation (2.1),
the m™ component (0 < m < N — 1) of Wyz is Y 0 Wymz(n) =
Y N7 z(m)wl*, which is 2(m), by equation (2.17). In other words,

2= Wyz. (2.19)

In section 2.3, we will see that there is a fast algorithm for
computing z. For now, we only compute a simple example in order
to demonstrate the definitions. We could use equation (2.9) for this,
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but it is easier to use equation (2.19). For convenience, we record
the values obtained in W, and Wy:

1 1
W, = .
) [ L ] (2.20)
and
1 1 1 1
1 -1 -1 1
Wy, = .
4 1 -1 1 -1 (2.21)
1 1 -1 —

Example 2.9
Letz = (1,0, —3,4) € €*(Z4). Find 2.

Solution
11 1 1 1 2
. 1 —i -1 i 0 4+ 4
= W, = =
2= Wat 1 -1 1 -1 -3 —6
1 i =1 —i 4 4— 4

Note that Z has complex entries even though all entries of z are
real. |

The Fourier inversion formula (2.10) shows that the linear
transformation " : ¢*(Zy) — €*(Zy) is a 1-1 map: if Z = W, then
z = w. Therefore " is invertible (Exercise 1.4.8(v)). More directly,
equation (2.10) gives us a formula for the inverse of ", which we
denote

Definition 2.10  For w = (w(0), ..., w(N — 1)) € £*(Zy), define
N-1

. 1 ;
w(n) = > wm)e™™ N, forn=0,1,...,N —1. (2.22)

m=0

’

w = (W(0), w(1),..., N —1)).

The map ~: €*(Zy)—> £*(Zy) is the inverse discrete Fourier transform,
or IDFT.

In this notation, equation (2.10) states that for z € ¢*(Zy),
(z2)’(n)=2z(n), forn=0,1,... N—1, (2.23)
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or just
(2) =z (2.24)
For a general w € €*(Zy), there exists z € £*(Zy) such that Z = w

(since”: €*(Zy) — €*(Zy) is onto). Taking the DFT of both sides of
equation (2.24) and substituting w for Z gives

() = w. (2.25)

Since the DFT is an invertible linear transformation, the matrix
Wy is invertible (Lemma 1.55), and we must have z = Wy'2.
Substituting Z = w and (equivalently) z = 1 in equation (2.19) gives

w=wg'w. (2.26)

Although one can determine Wy ' directly (Exercise 2.1.9), it is easier
to read what Wy' must be from formula (2.22). In the notation of
formula (2.17), formula (2.22) becomes

N—-1 N—-1
Y _ l —mn __ i nm
w(n) = E w(m)NwN = E Na)N w(m).
m=0 m=0

This shows that the (n,m) entry of Wy' is @"/N, which is 1/N
times the complex conjugate of the (n, m) entry of Wy. If we denote
by Wy the matrix whose entries are the complex conjugates of the
entries of Wy, we have

1

Wy = —Wy. 2.27
N N N ( )
For future reference, we note that
171 1
W, =~ 2.2
= [ L ] , (2.28)
and
1 1 1 1
{1 i -1 —i
-1 _ =
wil=2l 1 4 1 4 (2.29)
1 — -1 1

Example 2.11
Let w = (2,4 + 4i, —6, 4 — 41) € (*(Z4). Find w.
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Solution
By formulas (2.26) and (2.29),
1 1 1 1 2 1
0= i1 i -1 —i 444 | 0
411 -1 1 -1 —6 -3
1 = -1 1 4 —4 4

Note that for z as in Example 2.9, we obtained Z = w, so we have
just verified in this example that (2) = z. [ ]

By the same reasoning as for the DFT, if we regard w as defined
on Z by formula (2.22), then w has period N: w(n + N) = w(n) for
all n. With this understanding, comparing formulas (2.7) and (2.22),
we see that

. 1.
w(n) = —w(—n).
(n) = (=)

Since w has period N, we can write this as

. 1.

() = —W(N =), (2.30)
which is more convenient since n € {1,...,N — 1} if and only if
N —n € {1,...,N — 1}; the exceptional case is n = 0, for which

N —-n=N.

We summarize the basic facts about the DFT. The map ~ :
0*(Zy) — €*(Zy) defined by equations (2.7) and (2.8) is an invertible
linear transformation with inverse ~ defined by formula (2.22). We
interpret the Fourier inversion formula (2.10) in the form of equation
(2.15):

N-1
z=Y 2(m)Fy,
m=0

where F,, is the m™ element of the Fourier basis F:

1 .
Fm (Tl) — N627‘[1)71;/1/1\].

Thus z(m) is the weight of the vector F,, used in making up z.
We consider a simple example. Let N = 128 and

p n 4y 5 12n
z(n) =cos | 2w - — cos|2m-—— ).
) 128 128
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The vector z is plotted in Figure 4a. Its DFT Z is plotted in Figure 4b,
but in this case it is easy to determine z. By Euler’s formula (1.13),

2
— 1 (6462711'771/128+6462n’i121/128

1 , , 1 . ,
Z(Vl) — E (627[177’1/128 + 6—2111771/128) + 4= (621111271/128 + 6—2111127’1/128)

128

By comparing this with equations (2.13) and (2.15), we see that
5(7) = 2(121) = 64, 5(12) = 5(116) = 256,

and z(m) = 0 for the other values of m in {0,1,2,...,127}. This
is confirmed by Figure 4b, which was generated using the DFT
program (called fft) in Matlab.

To get an intuition for this, we take a closer look at the vector
e?mmVN - for m fixed, as a function of n = 0,1,..., N — 1. (The factor
1/N is a scale factor, which we temporarily drop for convenience.)
By Euler’s formula,

e?™MN = cos(2mmn/N) + isin(2zmn/N).

For simplicity, consider only the real part cos(2rnm/N). For m = 0,
this is just the constant function 1. For m = 1, this is the function
cos(2nn/N). If we regard N as being large, and plot these values for
n=20,1,...,N — 1, we trace out a set of N evenly spaced sample

FIGURE 4 (a)z (b)?
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points on the graph of one period of a cosine function. In particular,
cos(2nn/N) carries out one full cycle as n runs from 0 to N — 1 (if
we continued it to N, we would obtain the value at 0 again). This is
illustrated in Figure 5a, with N = 16. Now let m = 2, and consider
the function cos(27w2n/N). It is similar, only it makes two full cycles
of the cosine as n runs from 0 to N — 1. This continues similarly
for a while as m increases; the function cos(2mmn/N) carries out
m full cycles of the cosine wave as n goes from 0 to N — 1 (see
Figure 5b). So as m increases (up to a point, as we will see), the
functions cos(2mmn/N) oscillate more and more times over the
interval 0 <n < N — 1. See Figures 5¢c (m =3, N = 16), 5d (m =7,
N = 16), and 5e (m = 8, N = 16). The imaginary part of e?*""/N is
a sine wave that behaves similarly. Terms that oscillate more are
called higher frequency components, or just higher frequencies.
Suppose z(n) is a sound signal as a function of time (sampled at
even time intervals). To the ear, the higher frequency signals sound
higher pitched. Because the vectors e N contain only one rate of
oscillation, we regard them, and hence their rescaled versions Fy,,
as pure frequencies.

There is one technicality here that makes this a little confusing.
The functions e?™N  defined only for integer values of n, have
period N in the variable m as well as in n. Thus higher m cannot
continue to mean higher frequency signals for all m because, for
example, the function at m = N is the same as the function when
m = 0. A signal for N = 16 cannot oscillate faster than in Figure 5e
(m = 8, N = 16). Note that the vector in Figure 5f (m = 9, N = 16)
is the same as in Figure 5d (m = 7, N = 16). (However, it is not
true that F; = Fg when N = 16, just that their real parts are the
same—their imaginary parts are negatives of each other.) This is a
consequence of considering these functions only for values n € Z. If
we consider e™/N as a function of the real variable t, it does give a
higher frequency as m increases (for m > 0). But when we consider
only the integer values n, we cannot see the oscillation going on
between the integers, which explains how ¢?™*’N can be the same
function of n as e2™™'N (namely both are the constant function 1 on
the integers, since e = 1, by Euler’s formula). This is illustrated
in Figure 6, which shows the graph of cos(2715n/16) (Figure 6a), the

2mwin
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FIGURE 5 (a) z(n) = cos(2nn/16), (b) z(n) = cos(272n/16),
(c) z(n) = cos(2m3n/16), (d) z(n) = cos(2n7n/16), (e) z(n) =
cos(2m8n/16), (f) z(n) = cos(2mr9In/16)
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underlying function of a continuous variable cos(2715t/16) (Figure
6b), and their superposition (Figure 6¢).

Looking at the graphs of the real and imaginary parts, we see
that as m runs from 0 to N/2 (or the closest integer to N/2), the
function e*™N oscillates more and more rapidly and so represents
a higher frequency component. However, for N/2 <m < N — 1, we
let k = N — m, and use periodicity to write

627n'nm/N — 6Zm'n(N—k)/N — 6—2nink/N — COS(Z?TVlk‘/N) _ isin(ijk/N).

This vector oscillates k times over the interval 0 < n < N — 1. So
the number of oscillations over 0,1,...,N — 1 of e?™"N is m for
0 <m < N/2,but N—m for N/2 < m < N — 1. Note that when
m is near N/2, so is N — m, but as m goes toward N, N — m goes
toward 0. Thus we regard e*™™"N as a high frequency vector for m
near N/2, that is, in the middle of the range 0,1,...,N —1, and as a
low frequency vector for m near 0 or N — 1.

Incidentally, this is why some prefer to regard the basic interval

forZyas—-M+1,-M+2,...,—1,0,1,..., M when N = 2M is even
and as -M,-M +1,...—1,0,1,..., M —1,M when N = 2M + 1
is odd, instead of 0,1,..., N — 1 as we have here. In the 0-centered

version, the low frequencies are 2™ N for m near 0 and the high
frequencies are those for m near £M.
Returning to the basic formula

N-1
z= Y 2(m)Fy,
m=0

we have interpreted each F,, as a pure frequency. Therefore, we
regard |Z(m)| as the strength of that frequency component in z.
The argument of the complex number Z(m) is more difficult to
interpret (this is discussed later in this chapter), but its magnitude
measures how much of the pure frequency F;, is needed to make up
z. If z has the property that |Z2(m)| is large for values of m near N/2,
then z has strong high-frequency components. If |2(m)| is large for m
near 0 and near N — 1, then z has strong low-frequency components.
For example, if z is the appropriately sampled audio signal of a
person playing the drums, we will see relatively large values of |Z(m)|
when m is small if the drummer likes to pound on the bass drum a
lot. If the drummer likes to bang on the cymbals, |2(m)| will be large



11 6 2. The Discrete Fourier Transform

0.4 > > *

0.2 - —

—o0.2 -

—o.al- = = -

—0.6 -

—o.8 -

@

—o.2 | -

—o.al- -

—_o.6 -

—_o.s8} -

()

o.8

0.6 —

0.4 —

—o.2| -

—o0.al -

—o0.6 -

—o.8| -

()

FIGURE 6 (a) z(n) = cos(2m15n/16), (b) y(t) = cos(2x15t/16),
(c) Superposition of Figure 6a and Figure 6b
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for values of m near the middle of the DFT range. Thus Z gives us a
frequency analysis of the signal z.

This phenomenon is illustrated in Figure 7, where N = 128.
The graph of the vector z(n) = sin(zn?/256) in Figure 7a oscillates
more and more rapidly as n goes from 0 to 127. (Such a signal is
called a “chirp”) Figure 7b shows the argument (phase) of z, Figure
7¢ shows the real part of Z, and Figure 7d shows the imaginary part
of z. All three of these graphs seem to behave wildly and are difficult
to interpret. However, the graph of |Z|, the magnitude of Z, in Figure
7e, shows significantly large values (between 5 and 9) of |Z(n)| for all
values of n. The interpretation is that a large range of frequencies
is required to make up z, due to the large variation in its oscillation
rate over different parts of its graph.

A comparison of Figures 7, 8, and 9 makes this behavior clearer.
Figure 8a is the graph of z(n) = sin(7n®/512). This is also a chirp,
but the oscillation rate of this z is less at corresponding points than
for the vector in Figure 7a. This suggests that much less in the way
of high frequencies is required to synthesize z. This is demonstrated
by the graph of |Z| in Figure 8b. Note that only about half the values
of |2(n)| (those corresponding to the lower frequencies) are large.
Our interpretation is further demonstrated in Figure 9. In Figure
9a, the function z(n) = sin(nwn*/1024) is plotted. It is an even
lower frequency chirp than in Figure 8a. The magnitude of its DFT,
plotted in Figure 9b, shows that roughly only the lower fourth of the
frequencies contribute substantially to z.

In Exercise 2.1.7 there is an expansion of z in terms of sines and
cosines that is equivalent to formula (2.10). With this expansion, it
is a little easier to see the high and low frequency interpretations
just discussed. However, this expansion fails to have some of the
key properties of formula (2.10), which we consider in the next two
sections.

Next we consider how the DFT behaves under a few important
operations. The first of these is translation.

Definition 2.12  Suppose z € {*(Zy) and k € Z. Define

(Rez)(n) =z(n—k) for neZ.
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(e)

FIGURE 7 (a) z(n) = sin(7n?/256), (b) Phase (angle) of 2, (c) Real
part of z, (d) Imaginary part of 2, (e) Magnitude of Z
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We call Ryz the translate of z by k. We call Ry the translation by k
operator.

Perhaps we should write Ri(z), but this leads to too many
parentheses, so we write only Rxz. Definition 2.12 requires some
interpretation. For n, k € Zy, it may be that n — k &€ Zy, so it may
appear that z(n — k) is not defined. However, recall that we regard z
as extended to all of Z in such a way that z has period N. With this
understanding, Definition 2.12 makes sense. As an example, suppose
N=6,k=2andz=(2,3—1,2i,4+10,1). Then, for example,

(Ry2)(0) = 2(0 — 2) = 2(—2) = 2(4) = 0.

0 20 40 60 80 100 120 0 20 20 60 80 100 120

@ (b)

FIGURE 8 (a) z(n) = sin(wn*/512), (b) Magnitude of 2

[ 20 40 60 80 100 120 o 20 40 60 80 100 120

@ (b)

FIGURE 9 (a) z(n) = sin(7n*/1024), (b) Magnitude of z
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Similarly, (R,z)(1) = z(—1) = 2(5) = 1, (R22)(2) = 2(0) = 2, etc. We
obtain

Ryz = (0,1,2,3 —1i,2i 4 +1).

Thus the effect of R, on z is to move the components two positions
to the right, except for the last two, which were rotated around into
the first two positions, in the same order as originally. This can
be visualized as a rotation by two if the positions 0,1, 2, 3,4, 5 are
marked off on a circle. For this reason, this operation is sometimes
known as circular translation or rotation, which explains the notation
Ry.

How is the DFT affected by translation? It is intuitive that
translation should not affect the magnitudes of the different
frequencies making up the signal, but it might change their phase
(i.e., the angle in the polar representation re of 2(n)). This is verified
by the next result.

Lemma 2.13  Suppose z € £*(Zy) and k € Z. Then for any m € Z,

Proof
By definition,

N—-1 N—1
(RkZ)A(WL) = Z(sz)(n)efbtimn/l\f — Z Z(Vl _ k)efbn'mn/N-
n=0 n=0

In this last sum, we change variables by letting £ = n — k (recall k
is fixed, and n is the summation variable). If n = 0, then £ = —k,
whereas forn = N —1, we have £ = N — k — 1. Since n = £ + k, we
obtain
& 2mim(£+k)/N 2mimk/N & 2mime/N
Riz) (m) = z(0)e” TMETRIN = g emm z(0)e TR
(Rez) (m) K:Z_k() ZZZ_k()

However, we claim that

N—k—1 N—1
t=—k n=0

If so, substituting this gives the final result. To see equation (2.31),
note thatboth z(¢£) and e=2"™N are periodic functions in the variable
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¢ with period N. If k = 0, there is nothing to prove, so suppose
0 < k<N -—1.Then

N—k—1 —1 N—k—1

Z Z(K)G—Zm'ml/l\] — Z Z(£+N)6—2m'm(€+1\f)/N+ Z Z(ﬁ)e—Zm'mZ/N.

L=—k {=—k £=0

In the first of these last two sums, we let n = £ + N, whereas in the
second we just let n = £. This gives us

N—k—1 N-1 N—k—1
Z Z(Z)e_ZﬂiWLUN — Z Z(n)e—zmmn/N + Z(n)e—Zm'mn/N
{=—k n=N-—k n=0
N-—1
— Z Z(n)e—Znimn/N’
n=0

as desired. Now let k € Z be arbitrary. Then there is some integer r
such that ¥ = k+rN € {0,1,2,...,N — 1}. Then, by changing the
summation variable by setting ¢’ = ¢ — rN we get

N—k—1 N—k=rN—1
Z Z(ﬁ)e—Zm’mZ/N — Z Z(f/ + 7/1\7)6—2711'771(l/—',-rN)/N
==k U'=—k—7rN
N—K -1
— Z Z(E/)efzm‘mé’/N’
V==K

by the N-periodicity of both z and the exponential. So by the case
k"€{0,1,2,...,N — 1} considered above, the last sum is z(m). N

This last summation trick is important enough to be made into
a general principle (see Exercise 2.1.8).

This shows a limitation of the DFT. By Lemma 2.13 and equation
(1.15), we have |(Riz)"(m)| = |z(m)| for each m. Thus, by looking
only at the magnitude of the DFT, we cannot distinguish z from any
circular translation Rixz. The locations of the particular features of z
are not determined by |Z|. That information is contained in the phase
(or argument) of Z, but in this form it is very difficult to interpret,
as we noted in connection with Figure 7b. We will see later that
wavelets have an advantage over the DFT in this regard.

The next operation we consider is complex conjugation.
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Definition 2.14 For z = (2(0),2(1),...,2(N — 1)) € £*(Zy), let Z
be the vector

zZ = (2(0),2(1),...,2(N — 1)),
that is, Z(n) = z(n).

Lemma 2.15 For z € {*(Zy),

() (m) = 2(—m) = 5(N —m),

for all m.
Proof
By the properties of complex conjugation (Lemma 1.7),
N-—1 ) N—-1
(@) (m) = ) zZ(me N =y z()erm/N = Z(—m).
n=0 n=0 [ |

Corollary 2.16  Suppose z € (*(Zy). Then z is real (i.e., every
component of z is a real number) if and only if z(m) = Z(N — m) for all
m.

Proof

Note that z is real if and only if z = Z. By the invertibility of the DFT,
this holds if and only if Z = (2)" By Lemma 2.15, this is equivalent
to z(m) = Z(N — m) for all m. [ ]

The DFT is the change-of-basis operator that converts from
the Euclidean basis to the Fourier basis. We have interpreted the
elements of the Fourier basis as pure frequencies. The Fourier
inversion formula (2.15) shows that a general signal consists of
a superposition of pure frequencies. The DFT component z(m)
measures the strength of the pure frequency F,, in the signal z.
In the next two sections, we see two strong reasons for using the
Fourier basis.

Exercises

2.1.1. Use Definition 2.1 and Euler’'s formula to check the values
given in Example 2.4.

2.1.2. Check directly (not using Lemma 2.2) that the set {Eo, E;,
E,, E3} in Example 2.4 is an orthonormal basis for £?(Z,).
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2.1.3.

2.1.4.

2.1.5.

2.1.6.

2.1.7.

Let z = (1,1, 2 + 1, —3) € £*(Za).

i. Compute Z.

ii. Compute (2) directly and check that you get z.
Verify formula (2.10) by direct computation (not using
Lemma 1.101), that is, substitute the definition of Z(m) and
calculate directly using equation (1.5). Warning: Change one
summation index from n to something else, to avoid using
the same letter for two different variables.
Verify relation (2.11) by direct computation (as in Exercise
2.1.4).
Define z € €*(Zs1,) by

z(n) = 3sin(2n7n/512) — 4 cos(2m8n/512).
Find Z.
(DFT in real notation) Suppose N is even, say N = 2M.
Define
cm)=N""*forn=0,1,..., N —1; (2.32)
cu(n) = N™V2 cos(2n(N/2)n/N) = N~V2(—1)" (2.33)
forn=0,1,...,N—1;and
cm(n) = (V2/N)cos(2nmn/N), forn=0,1,..., N —1

(2.34)
form=1,2,...,M—1.Also,form=1,2,...,M—1, define

Sm(n) = (vV2/N)sin(2nmn/N) forn =0,1,..., N — 1.
(2.35)

i. Prove that

{COr C1y---yCM—1,CM, 81, -+, SM—I}
is an orthonormal basis for £?(Zy).
By Lemma 1.101, this implies that

M M—1

2= (z,Cn)em+ Y _ {2 Sm)Sm. (2.36)

m=0 m=1

This is a variant of the DFT written in real notation. It
has the advantage that if z is real, then all computations
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involve only real numbers. However, we see that this
form does not have some of the key advantages discussed
in the next two sections. In any case, there are simple
transformations relating these coefficients to the DFT
coefficients and vice-versa.

ii. Prove that

(z,co) = N7122(0),
(z,cm) = (2N)"V2(20m) + 2(N — m))
form=1,2,...,M—1,
(2, cn) = N™122(0),
and
(2, sm) = —i(2N) "2 (2(m) — 2(N — m))
form=1,2,... M—1.
iii. Conversely, prove that
5(0) = VN(z, co),
2(m) = VN/2((2, ¢m) — (2, Sm))
form=1,2,... M—1,
2(M) = V/N{z cu),
and
&(m) = VN/2((z, cx—m) + 12, 55-m)

form=M+1M+2,... N—1.

iv. Derive relation (2.36) from formula (2.10) and Euler’s
formula, without using part i. (Suggestion: Break up the
sum in formula (2.10) into four parts: the term for m = 0;
the term form = M; thesumonm=1,2,...,M—1; and
thesumonm =M+1, M+2,...,N—1. Then substitute
the relations from part iii. Change the summation index
in the last sum to run over 1,2,..., M — 1, combine the
cm terms, and use Euler’s formula.)

Remark: If N is odd, say N = 2] + 1, then we define cg
by equation (2.32); ¢,y by equation (2.34) form =1,2,...,];
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2.1.8.

2.1.9.

2.1.10.

2.1.11.

2.1.12.

and s,, by equation (2.35) for m = 1,2,...,]. This yields
an orthonormal basis. We have the same formulae relating
the coefficients in this orthonormal expansion to the DFT
coefficients as above, except that the exceptional case m =
N/2 does not occur.

Suppose h is a function on Z that is periodic with period N,
that is, h(n + N) = h(n) for all n. Prove: for any m € Z,

m—+N—1

N—-1
> h() =Y h(.
n=m n=0

In other words, any sum over an interval of length N yields
the same result.
i. Prove that N~V2Wy is a unitary matrix. (Suggestion: Use
Lemma 2.2 and Lemma 1.105 ii.)
ii. Use part i to give a direct proof that W' = Wy/N.
Let z = (2(0),z(1),...,z(N — 1)),w = (w(0), w(l),...
w(N — 1)) € £*(Zy). Prove that

&) =~ (5 w)

and
1
Y2 2
z = —|Z| .
Izl N|| Il

Suppose z € £*(Zy). We say z is pure imaginary if z = iw
for some w that is real, in other words, if every component
of z is pure imaginary. Prove that z is pure imaginary if and
only if

z(m) = —z(N — m)

for all m.
Suppose z € {*(Zy).
i. Prove that 2 is real if and only if z(m) = z(N — m) for
every m.
ii. Prove thatZ is pure imaginary (see Exercise 2.1.11 for the
definition) if and only if z(m) = —z(N — m) for every m.
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2.1.13.

2.1.14.

2.1.15.

2.1.16.

Suppose z € ¢*(Zy). Define z € *(Zy) by z(n) = z(N — n),
forn=0,1,..., N — 1. Prove that

(2)(n) = 2(n),

for all n.

Let N and k be positive integers with k < N, with (k, N) =1
(this means k and N are relatively prime, i.e., they have no
integer factors in common other than #1). Let w = >V,
(Such an w is called a primitive N™ root of unity.) Prove that

1,a),a)2,a)3, .. .,a)N_1
are distinct N™ roots of unity. Hint: Use the fact from
number theory that if glab and (g,b) = 1, then gla. This
is easy to see by considering prime factors.

Remark: This shows that we can define the DFT starting
with any primitive N™ root of unity w instead of ¢*™V; the
result is only a permutation of the entries in the DFT matrix.
Let N; and N, be positive integers. Let

EZ(ZN] X ZNZ) = {Z : ZN1 X ZNZ — (C} .

In other words, if z € £*(Zy, % Zy,), then for every n; and
nya with0 <mn <Ny —1land 0 <ny, < N, — 1, z(ny, ny) is
defined and is a complex number. With the usual addition
and scalar multiplication, £*(Zy, X Zy,) is a vector space over
C (assume this). For z, w € €*(Zy, X Zy,), define

Ny —1 N,—1

(Z, w> = Z Z Z(Tll, 7’12)11)(7’11, Vlz).

n;=0 ny,=0

Then (-,-) is a complex inner product on €*(Zy, X Zy,)
(assume this).

Prove that £%(Zy, x Zy,) is NN, dimensional. Hint: What
plays the role of the standard basis here?
Let ¢*(Zn, xZy,) be as in Exercise 2.1.15. Suppose {By, By, . . .,
By,—1} is an orthonormal basis for €*(Zy,) and {Cy, Cy, . . .,
Cn,—1} is an orthonormal basis for ¢*(Zy,). For 0 < m; <
Ny —1and 0 < my < N, — 1, define Dy, 1, € ¢*(Zn, X Zn,)



Exercises 12 7

by

Dml,mz (nlr nZ) = Bml (nl)cmz (Vlz).

Prove that

{Dml ) }Ofmlle—l,Ofmszz—l

is an orthonormal basis for ¢?(Zy, x Zy,). Hint: Prove that

<Dm1,mzr Dk1,kz> - (Bmerk1><szr Ckz)r

where the inner product on the left is in ¢*(Zy, X Zy,),
whereas those on the right are in ¢*(Zy,) and (*(Zy,),
respectively.

2.1.17. i

ii.

(Two-dimensional Fourier basis) For m; € Zy, and m; €
Zy,, define Ep, m, € €*(Zn, x Zn,) (see Exercise 2.1.15
for the definition) by

2mwimyng /Ny eZm’mznz/NZ.

1
By omy (N1, n2) = WG
1N

Prove that

{Em, m, Jo<my <Ny —1,0<my<N,—1

is an orthonormal basis for €*(Zy, x Zy,). As in the
one-dimensional case, we usually renormalize by setting
627Ti7711711 /Ny 62nimzn2 /N, )

le,mz (nl; 7’12) = ﬁ
14V2

We call F = {Fy, m, }o<m, <N,—1,0<m,<n,—1 the Fourier basis
for £2(Zy, x Zn,)-

(Two-dimensional DFT) For z € €*(Zy, X Zy,), define
z € 0*(Zy, X Zn,) by

N —1N,—1

2(7}’11, my) = E E z(m, n2)6*2ﬂ1m1n1/N1szmmznz/Nz.
m =0 Vlzzo

Also, for w € €*(Zy, X Zy,), define w € £*(Zy, x Zy,) by

Ni—1 Np—1

2 : 2 w(mly m2)62mm1n1/N1 GZmMan/Nz.

m; =0 my=0

1;{,)(7’11, Vlz) = NlNZ
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2.1.18.

2.1.19.

2.2

Prove that

z=(2),
forall z € €*(Zy, x Zy,). Deduce that " : £2(Zy, x Zy,) —
0*(Zy, xZy,)is 1-1, hence invertible, with inverse *. Hint:
Use Exercise 2.1.16, and follow the reasoning in the text
for the one-dimensional case.

With definitions as in Exercises 2.1.16 and 2.1.17, and for
z,w € t*(Zn, X Zy,), prove Parseval’s formula:

1 ..
zZ, W) = z, W),
(z, w) NINZ( )
and Plancherel’s formula:
1
IzlI* = —— 121>
N;N,

Remark: Because visual images are two-dimensional,
to do image processing one needs to work with the two-
dimensional DFT discussed in Problems 2.1.15 through
2.1.18.

Formulate the analogue of Exercises 2.1.15-2.1.18 for d
dimensions and carry out the proofs. It will probably
be helpful to use vector notation; for example, for n =
(n1,nz,...,ng) and with m defined similarly, let n - m =

D e MMy

Translation-Invariant Linear
Transformations

Most electrical engineering departments have a course titled “Signals
and Systems” or something similar. From our point of view, a “signal”
isjust a function. It could be a function on an interval of real numbers
(a continuous, or analog, signal) or a function on a finite set of points
or on an infinite discrete set such as Z (a discrete, or digital, signal).
As shown in section 2.1, a vector in C¥ can be thought of as a function
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on N points, hence as a signal. Physically, we can think of an audio
signal, for example, a piece of music. Examples of “systems” include
amplifiers, graphic equalizers, and other audio equipment. A system
is something that transforms an input signal into an output signal.
Mathematically, a system is a transformation.

What assumptions are reasonable for a system, which we model
as a transformation T? Ideally, amplifiers and most other audio
equipment should be linear. First, the effect of an amplifier on
two signals together should be the sum of its effects on each signal
separately, that is, T(u + v) = T'(u) + T(v). Second, if we multiply
the volume of the input signal by some amount, the output volume
should be multiplied by that amount, that is, T'(¢u) = «T'(u). These
are the ideal characteristics of an amplifier. In reality this is not
possible. If a signal is multiplied by a large enough factor, it will
blow out the system and the output becomes 0. However, within the
usual range of operation, a good amplifier is close to linear. So this
is a reasonable assumption to make on our mathematical model of a
system. The conditions we have just considered are that T is a linear
transformation in the sense of Definition 1.44.

Another natural assumption is that if we delay our input signal
by a certain amount, the only effect on the output is to delay
it by the same amount. In other words, the system does not
behave differently at different times of the day. Such a system is
called time-invariant or shift-invariant. The linear transformation
associated with such a system is called translation invariant. To
formulate the translation invariance property mathematically, recall
the translation operator Ry defined by (Definition 2.12)

(Rkz)(n) =z(n—k) for nelZ,

for z € ¢*(Zy). Shifting a signal to the right by k units gives Ry(2).
(Recall that we are working with periodic signals defined on all of
Z, so the translated signal does not actually start earlier or later. But
all the values are shifted to the right by k.) Suppose our input signal
is z and the resulting output is w = T(z). Our hypothesis of shift
invariance says that if the new input signal is Rx(z), the new output
should be the shift Rxw = Ry(T(z)). But by definition of T', the output
is T(Rxz). Thus our formal definition of translation invariance is as
follows.
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Definition 2.17 Let T : (*(Zn) — (*(Zn) be a linear
transformation. T is translation invariant if

T(Riz) = Ry T(2), (2.37)
forall z € ¢*(Zy) and all k € 7Z.

Note that equation (2.37) states that T commutes with the
translation operator Ry.

Recall the Fourier basis F from Definition 2.7. Probably the
single most important fact about the Fourier basis F is that all
translation-invariant linear transformations (from ¢%(Zy) to £*(Zy))
are diagonalized by F. Before proving this, we should pause to
appreciate this fact. We noted above that translation invariant linear
transformations are the most natural. In chapter 1 we learned
that diagonalizable linear transformations are the easiest to use.
Now we find that translation-invariant linear transformations are
all diagonalizable, in fact by the same basis! Moreover, this basis is
orthogonal (by Lemma 2.2).

We begin with a direct proof of this main result. Recall Definition
1.71: a linear transformation T is diagonalizable if its domain has a
basis consisting of eigenvectors of T.

Theorem 2.18 Let T : £*(Zy) — €*(Zy) be a translation-invariant
linear transformation. Then each element of the Fourier basis F is an
eigenvector of T. In particular, T is diagonalizable.

Proof

Fix m € {0,1,...,N — 1}. Let F,, be the m™ element of the Fourier
basis (defined in relation (2.13)). Then there exist complex scalars
ag, Ay, ..., an_1 such that

N-—1 N—1
1 )
T(F,)(n) = arFr(n) = — ape? kN 2.38
(Fn)(m) = D axFh(m) = 5 ) (2.38)

for all n, because F is a basis for £*(Zy). Notice that

1,
(RiFp)(n) = Fu(n— 1) = Nezﬂw(n—l)/zv
1, , .
— NE*ZJTIH’Z/NKZJHWU’Z/N — 672mm/NFm(n).
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—2mim/N

Since e is independent of n, the linearity of T implies that

T(R F)(n) = e ™ NT(F,)(n)
. N-—1 N—1 )
k=0 k=0
by equation (2.38). On the other hand, equation (2.38) also implies

N-—1

1 .
(RiT(Ep)(n) = (T(Fp)(n—1)= — Z akgzznk(n—l)/z\r
N k=0
1 N-l . . No1 |
N Z ake—ka/NGkan/N — Z ake_zmk/NFk(n).
k=0 k=0

But T(R,Fy,)(n) = (R T(Fw))(n) for all n, by the assumption that T
is translation invariant. Comparing the expressions above for these
two quantities, and using the uniqueness of the coefficients of the
representation of a vector in terms of a basis, we obtain that for each
k=01,... N—1,

ake—ZﬂlWl/N — ake—Zﬂlk/N. (2.39)

If k # m, we have e=2"/N = ¢=27%/N gince 0 < k,m < N — 1. Thus
the only way equation (2.39) can hold is if ax = 0. Hence we have
proved that ax = 0 whenever k # m. Therefore in equation (2.38),
all terms disappear except the term with k = m, leaving

T(Fm)(n) = amEmm),

that is, T(Fy,) = anFwm. So Fy, is an eigenvector of T with eigenvalue
Q.

Since m was arbitrary, this shows that every element of the
Fourier basis F' is an eigenvector of T. So T is diagonalizable. |

Although this proves our main point, this result is so important
that we will consider it again in more detail and approach it through
a different route. Along the way we will encounter a variety of
key concepts such as circulant matrices, convolutions, and Fourier
multipliers. Our goal is to prove the following theorem, which we
state now to map out our objectives, even though we have not
defined some of the terms yet.
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Theorem 2.19  Let T : ¢*(Zy) — €*(Zy) be a linear transformation.
Then the following statements are equivalent:
i. T is translation invariant.
ii. The matrix Arg representing T in the standard basis E s
circulant.
iti. T is a convolution operator.
iv. T is a Fourier multiplier operator.
v. Thematrix Ar p representing T in the Fourier basis F is diagonal.

Statement v is another way of saying that T is diagonalized by the
Fourier basis. The strategy of the proof of Theorem 2.19 is to prove
i = ii = iii = i, and then to prove iii < iv and finally iv < v. Note
that Theorem 2.19 gives not only Theorem 2.18 but its converse,
which states that a linear transformation that is diagonalized by the
Fourier basis is translation invariant.

As in Definition 2.8, the indices for matrices will now run from
0 to N — 1, to match our notation for vectors. That is, we write an
1 X N matrix A as [dmn]o<mn<n—1. When we multiply the matrix A by
a vector z as in expression (2.1), the result is the vector Az whose
m" component (Az)(m) (0 <m <N — 1) is

N-1
(A2)(m) = ) amnz(n). (2.40)
n=0

Also we will adapt the same periodicity convention for matrices
that we have adapted for vectors. For [@ym]o<mn<n—1 given, we define
amy, for all m, n € Z by assuming periodicity with period N in each
index:

Am+Nn = Amn and Amn+N = Amn

for all m and n (the extra comma has been added for clarity). Thus
for example a_1 y4+2 = an—1N+2 = an-1,2, where only the indices in
the last expression are in the original range 0 < m,n < N — 1.

Definition 2.20 A matrix A = [Gmn]o<mn<n—1, periodized as above,
is circulant if

Amtknt+k = Amn (241)

for allm,n, k € Z.
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Note that it is equivalent to require only a1 41 = Gmn for all
m, n € Z, since one can repeat this k times to obtain equation (2.41).

Definition 2.20 states that we obtain column m + 1 in a circulant
matrix by shifting the m™ column down (circular translation) by 1.
Equivalently, we obtain row m + 1 by shifting row m to the right by
1. Thus circulant matrices are easy to identify by sight.

Example 2.21
The matrix

3 241 -1 41

41 3 241 -1
—1 41 3 241
241 -1 41 3

is circulant. The matrix

W N
N DN o~
G~ W

is not circulant, but if the last row were i 3 2, it would be.

Recall that the standard, or Euclidean, basis E for £*(Zy) is
E ={ep, €1,...,en—1}, defined by e,(m) =1 if m = n, and e,(m) =0
ifm=#mnand 0 <m < N — 1. It is useful to define ¢, for all n € Z,
although some redundancy is introduced in the process. Observe
that because we regard e, as defined on all of Z, with period N, we
see that e,(m) = 1 if and only if m = n 4+ kN for some k € Z. With
this in mind, for each n € Z we define ¢, € €*(Zy) by periodicity,
that is, by letting

€niN = €p
for any n. It follows that
Ry, = €y (2.42)

for any n. For example, when n = N — 1, the definition of circular
translation shows that Riex_1 = ¢y = ey, which is consistent with
equation (2.42).
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If we multiply A by e, we obtain the n column of A. The formal
proof is:

N-—1
(Aen)(m) = Z amk@n(k) = Omn, (2.43)
k=0

using relation (2.40) and the fact that e, (k) = O unless k = n, in which
case it is 1. However, this is probably easier to see by writing it out.
By the periodicity in our definitions, this is true for all n, m € Z.

Recall that if the matrix At g represents a linear transformation T
in the standard basis, then T'(2) = Az (since z = [z]g, by equation
(1.24)). We are now prepared to prove the implication i = ii in
Theorem 2.19.

Lemma 2.22  Suppose T : (*(Zy) — {€*(Zy) is a linear
transformation. Let Ar g be the matrix representing T in the standard
basis E. If T is translation invariant, then Ar g is circulant.

Proof
For each m, n we have, by equation (2.43) and then equation (2.42),

i1 = (Arpens)(M + 1= (T(ens))(m +1)= (T(Rien))(m + 1)
= (RiT(en)(m + 1) = T(e)(m + 1 — 1) = T(e)(m)

— (AT,EEH)(m) = Amn,

by the assumed translation invariance of T. As noted earlier,
iterating this k times gives dp ik ntk = am,n for any k. |

For the next step in Theorem 2.19, we define the convolution of
two vectors.

Definition 2.23  For z, w € {*(Zy), the convolution z x w € £*(Zy)
is the vector with components

N-1
z % w(m) = Z z(m — nyw(n),

n=0

for all m.
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Example 2.24
Letz =(1,1,0,2)and w = (i, 0, 1, 1) be vectors in £*(Z4). Then, using
the periodicity of z,

3

zxw(0) =Y z(—nw(n)

n=0
= z(0O)w(0) + z(—1Dw(1) + z(—2)w(2) + z(—3)w(3)
= 2(0)w(0) + z(3)w(1) + 2(2)w(2) + z(1)w(3)
=1-14+2-0+0-1+1-1=21

Similarly,

3

zxw(l)=Y z1—mwn)=1i+1-04+2-1+0-i=2+1
n=0
3

zxw(2) =Y z2—mwn)=0-i+1-04+1-1+2i=1+2;
n=0

and
3

zxw(3) =Y zB—mwn)=2-1+0-04+1-1+1-i=1+3i
n=0

Therefore
zxw = (21,2 +1,1+ 21+ 3i).

If we fix one vector in the convolution, we can regard convolution
with this fixed vector as a linear transformation.

Definition 2.25  Suppose b € €*(Zy). Define Ty, : £%(Zyn) — £*(Zy)
by

Ty(z) = b * z,

for all z € £*(Zy). Any transformation T of the form T = Ty, for some
b € £*(Zy), is called a convolution operator.

It is not difficult to see that a convolution operator T} is a linear
transformation. The implication ii = iii in Theorem 2.19 states that
a circulant matrix gives rise to a convolution operator. This explains
why convolution is of interest to us.
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Lemma 2.26 Let A bean N x N matrix, A = [Amn]o<mn<n—1. SUPPOSE
A is circulant. Define b € €*(Zy) by

b(n) = ano
for all n. (In other words, b is the first column of A, regarded as a vector.
By equation (2.43), this means that b = Aey.) Then for all z € £*(Zy),
Az = bxz = Ty(2).

Proof
Since A is circulant, we have

Amn = Am—n,0 = b(m - Vl),

for any m, n € Z. Hence, by the definition of matrix multiplication
(equation (2.40)),

N-1 N-1
(AZ) (M) = ) apmz(n) = Y _ b(m —n)z(n) = b * z(m).
n=0 n=0 |
We have proved i = ii = iii in Theorem 2.19, so we now know that
any translation-invariant linear transformation T is a convolution
operator Tj,. The converse, that a convolution operator is translation
invariant, is relatively easy.

Lemma 2.27 Let b € £*(Zy), and let T, be the convolution operator
associated with b as in Definition 2.25. Then T}, is translation invariant.

Proof
Let z € €*(Zy). Let k € Z. Then for any m,

N-1
Ty(Rez)(m) = b * (Rgz)(m) = Y _ b(m — n)(Rez)(n)
n=0

N-—1
=Y b(m—n)z(n — k).
n=0
In this last sum we make the change of index ¢ = n — k. Using
Exercise 2.1.8, we obtain
N—-1—k N—1
Ty(Rez)(m) = Y b(m—k—0z(6) = Y _ b(m —k — £)z(L)
t=—k =0
= (b * z)(m — k) = Ri(b * z)(m) = R Tp(2)(m),
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for all m. In other words, Ty (Rxz) = Rk Tp(2); that is, T}, is translation
invariant. n

Thus we have proved that statements i, ii, and iii in Theorem 2.19
are equivalent. We pause to consider an application of this result.

Definition 2.28 Define § € £*(Zy) by

1 ifn=0
) = ;
() { 0 ifn=1,2...,N—1.
This is the discrete version of what is sometimes called the Dirac

delta function. It is also known as the unit impulse. Note that § is just
eo, butbecause the notation § is standard, we accept this redundancy.

Lemma 2.29 For any w € ¢*(Zy),

w* 6 =w.
Proof
For each m € Zy,
N-1
(w8)(m) = Y w(m —m)d(n) = w(m),
n=0
since 8(n) = 0 unless n = 0, in which case §(0) = 1. |

This simple result has the following interpretation. Suppose we
have a system, say an amplifier or some other audio equipment. By
our general discussion above, we model the system as a translation-
invariant linear transformation T on ¢*(Z). We have proved that
T is a convolution operator T} for some b € EZ(ZN). If we knew
b, we would know the action of our system on any signal z since
T(z) = Tp(z) = b *x z. Thus the system is completely determined by
b. How can we find b? By Lemma 2.29, this is easy:

T(8) = Tp(8) = b8 =D.

Thus to recover b we only have to measure the output of the system
when the input is 4. Since § is called the unit impulse, b is often
called the impulse response of the system.

We now consider how the DFT interacts with convolution.

Lemma 2.30  Suppose z, w € £*(Zy). Then for each m,

(z % w) (M) = z(m)w(m).



1 38 2. The Discrete Fourier Transform

Proof
By definition,

z

—1 N—

Z

—1

(Z * w)A(m) = (Z * w)(n)@—Zm'mn/N Z(Vl _ k)w(kje—zmmn/N
n=0 n=0 k=0
N—1N-1
= Z Z(Vl — k)w(k)efzmm(nfk)/NefZm'mk/N
n=0 k=0
N-1 N—1

w(k)e—zmmk/N Z Z(Vl _ k)e—Zﬂim(”_k)/N’

x‘
Il
o

In the last sum we change index, letting £ = n — k, to obtain (by
Exercise 2.1.8)

N—1 . N—1—k ‘ N—1 .
Z Z(Vl _ k)e—me(Vl—k)/N — Z Z(E)G_ZMMZ/N — Z Z(z)e—anmZ/N.
n=0 =—k =0

Substituting this gives

N-—1 N-—1
(Z % M))A(Wl) — Z w(k)efzm'mk/N Z Z(Z)efzm'mi/N — 2(7/”)12)(”,1)
k=0 £=0 [ ]

Thus, the DFT transforms the relatively complicated operation
of convolution into the simple operation of multiplication.

Example 2.31

In Example 2.24, for z = (1,1,0,2) and w = (3, 0, 1, 1), we calculated
that z* w = (2i,2 +1,1 + 21,1 + 37). Proceeding as in Example 2.9,
we find that

Z=(4,141,-2,1—1).
and
w=142i-2411,1).
Similarly, we compute
(zxw) =(44+8i,—3—1,—2,1+1).

Now one can check that (z*xw)"(n) = z(n)w(n) forn =0, 1, 2,3 (e.g.,
(1) = (14 0)(—241) = =3 —i = (2% w) (1))
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Now we consider linear transformations obtained by taking the
DFT, multiplying the resulting components by some numbers, and
taking the inverse DFT (IDFT) of the result.

Definition 2.32  Let m € (*(Zy). Define Ty : €*(Zn) — €*(Zn) by
Tomy(2) = (M2)’, (2.44)

where mz is the vector obtained from multiplying m and z component-
wise; that is, (mz)(n) = m(n)z(n) for each n. Any transformation of
this form is called a Fourier multiplier operator.

Note that we write T, to distinguish Fourier multiplier
operators from convolution operators (denoted Tj) in Definition
2.25. Tt is not difficult to see that any Fourier multiplier operator is
a linear transformation. Another way to describe T, in Definition
2.32 is to note that for each k,

(Tom (@) (k) = m(F)z(k), (2.45)

by applying the DFT to both sides of equation (2.44). To understand
this, recall, by Fourier inversion (2.15), that

N—-1
2= 2(k)F;.
k=0

By applying inversion (2.15) to T, (2) and using equation (2.45), we
get

N-1 N-1
Ton(2) = Y _(Tem(2)) (K)Fx = > m(k)2(k)F.
k=0 k=0
Thus the effect of T(,,) on z is to multiply the k™ DFT coefficient
z(k) by m(k). This explains the name Fourier multiplier operator.

A piece of audio equipment known as a graphic equalizer is
modeled by a Fourier multiplier operator. The purpose of a graphic
equalizer is to allow one to boost or lower separate frequency
components of an audio signal. Recall that the strength of the
frequency eV in a signal is proportional to the magnitude of its
k™ DFT coefficient. By equation (2.45), the operator Ty multiplies
the k™" DFT coefficient by m(k). The settings on a graphic equalizer
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correspond to different frequency components of a signal. Each can
be manually raised or lowered, corresponding to an increased or
decreased multiplier factor for that frequency. In doing so, one is
choosing a value of the Fourier multiplier m(k). A graphic equalizer
allows one to tune the frequency response to one’s satisfaction.

The equivalence of'iii and iv in Theorem 2.19 follows easily from
Lemma 2.30.

Lemma 2.33  Let T : £*(Zy) — £*(Zy) be a linear transformation.
Then T is a convolution operator if and only if T is a Fourier multiplier
operator. More precisely, for a given convolution operator Ty, let m = @;
then Ty, = Tyy. Conversely, given a Fourier multiplier operator Ty, let
b =m. Then Tn) = Ty,

Proof
In either case, we have m = b (by Fourier inversion in the second
case). Then by Fourier inversion and Lemma 2.30,

Ty(z)=bxz=((bxz)) = (@Q)V: (m2) = T (2),
for any z € €*(Zy). n

The last step in the proof of Theorem 2.19 is to show that iv and
v are equivalent. So far we know that i, ii, iii, and iv are equivalent,
so we could apply Theorem 2.18, which shows that i implies v.
However, we require the converse also, and we prefer to show the
direct connection between iv and v in the next lemma. Recall by
equation (2.16) that z is the vector representing z in the Fourier
basis: Z = [z]r. Then equation (2.45) shows that T, behaves like
multiplication by a diagonal matrix in the Fourier basis. The proof
of the equivalence of iv and v just requires writing this observation
out.

Lemma 2.34 Let T : £*(Zy) — €*(Zy) be a linear transformation.
Then T is a Fourier multiplier operator Ty for some m € 0(ZN)
if and only if the matrix vepresenting T in the Fourier basis F =

{Fo, F1, ..., Fx—1} is a diagonal matrix D.
Moreover, if T = Ty is a Fourier multiplier operator, then the
diagonal matrix D = [dmn]o<mn<n—1 Satisfies dn, = m(n) for n =

0,1,...,N—1.
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Proof

Let T,y be a Fourier multiplier operator. Define a diagonal matrix
D = [dpn]o<mn<n-—1 Dy setting d,, = m(n), for 0 < m < N — 1. By
equation (2.45), (T(n(2))"= mz and therefore

m(0)z(0) dooz(0)
m(1)z(1) dnz(1)
[Ton)(D)]r = ' = ’
| m(N — DE(N — 1) dy_1n12(N —1)
Cdyw O - - 0 2(0)
0 dy 0 - 0 5(1)
L 0 - - 0 dyoana BN —1)
— D2 = D[z]p,

by using equation (2.16). Hence a Fourier multiplier opertor T,
is represented by the diagonal matrix D with respect to the Fourier
basis.

Conversely, suppose the diagonal matrix D = [dun]o<mn<n—1
represents T with respect to the Fourier basis F'. Set m(n) = d,,, for
0 <n < N —1, and let T, be the corresponding Fourier multiplier
operator. Then by the calculation above,

[T(2)]r = D[z]r = [Tom(2)]r-
Therefore, T = T(y. ]

This completes the proof of Theorem 2.19. These results can be
used in a practical way in computation. Suppose T is a translation-
invariant linear transformation. From its definition, we can write
down the matrix A = [@mn]o<mn<n-—1 Tepresenting T in Euclidean
coordinates (that is, A such that T(z) = Az). This matrix must be
circulant. We let b € ¢*(Zy) be the first column of A. Then T is the
convolution operator T}, by Lemma 2.26. Let m = b. By Lemma
2.33, T is the Fourier multiplier operator T(,,). Form the diagonal
matrix D with n" diagonal entry d,,, = m(n). Then D represents T
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with respect to the Fourier basis F; that is,
[T(2)]r = D[z]r-

To understand this on the matrix level, recall from equation (2.19)
that Z = Wyz, where Wy is the matrix (2.18). Thus

WyAz = (Az) = [Az]r = [T(2)]r = D[z]r = Dz = DWyz.
Multiplying on the left by W' gives
Az = Wy'DWyz,
and hence that
A=Wy'DWy, or WyAWyN'=D. (2.46)

This is an explicit diagonalization of A. Notice that the diagonalizing
matrix Wy is the same for any circulant matrix. Recall that the
diagonal entries of D are the eigenvalues of A; we see here that
if A is a circulant matrix, they are just the components of the vector
m determined above. For circulant matrices, this is a much easier
way to find the eigenvalues than trying to factor the characteristic
polynomial.

Example 2.35
Define T : €*(Zy) — €*(Z4) by
T(z)(n) =zn) +2z(n+ 1)+ z(n + 3).

Find the eigenvalues and eigenvectors of T, and diagonalize the
matrix A representing T in the standard basis, if possible.

Solution
One can check that T is translation invariant:

T(Rxz) = (Rk2)(n) + 2(Rkz)(n + 1) + (Rr2)(n + 3)
=znm—k)+2z(n+1—=k)+z(n+3 —k)
=Ri(z(n) + 2z(n+ 1)+ z(n + 3)) = R T(2).

Alternatively, one can write the matrix A that represents T in
the standard basis (i.e., satisfying T(z) = Az) by considering
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T(2)(0), T(2)(1), T(2)(2), and T(z)(3), obtaining

N O~
o = =N
— =N O
N O =

which is circulant. Then b = (1,1, 0, 2).

In Example 2.31 we calculated b (b was called z there), where
we obtained m = b = (4,1+1,—2,1 —1). These components are the
eigenvalues of A, and the eigenvectors are the Fourier basis vectors
in F. In particular,

4 0 0 0
0 147 O 0
b= 0 0 —2 0
0 0 0 1-—1
satisfies W4AW, '—p. [ |

The transformation considered in the next example is the
second difference operator, which is used to approximate the
second derivative f” when doing numerical solutions of differential
equations in the periodic setting.

Example 2.36
Define A : (*(Zy) — €*(Zy) by

(A(@)(n)=z(n+1)—2z(n)+z(n—1).
Find the eigenvalues of A.
Solution
As in Example 2.35, we can check that A is translation invariant. By

definition,

(A(2))(0) = 2(1) — 22(0) + z(—1) = z(1) — 22(0) + z(N — 1).
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Therefore the first row of the matrix A of A in the standard basis is
(=2,1,0,...,0,1). Since A must be circulant,

-2 1 0 - - 0 1
1 -2 1 0
0 1 =210 - 0
A= . (2.47)
1 0 - - 01 —2 |

Therefore b is the first column of A, thatis, b =(-2,1,0,...,0,1).
The eigenvalues of A are the components of m = b. We obtain

N-1
n=0
; ; 27k
=24 efzmk/N 4 62mk/N =24 2COS(T)
4 1 1 2k 4 sin? wk
= — — — — COS§( — = —481M (—).
5~ 5 %08() ()

These are the eigenvalues of A. The matrix D with diagonal entries
dy. = —4sin’(wk/N) satisfies WyAWy' = D. [ ]

Exercises

2.2.1. For z € £*(Zy), define T(2) € (Zn) by
(T(2)(n) = z(n — 1),

for all n.
i. Prove that T is translation invariant.
ii. Let w(n) = cos(2nn/N), for n € Zy. For each N > 3,
show that w is not an eigenvector of T.
Remark: This shows that the orthonormal basis of sines
and cosines in Exercise 2.1.7 does not diagonalize T.
2.2.2. Define T : ¢*(Zy) — €*(Zy) by

(T(2)(n) = 3z(n — 2) + iz(n) — (2 + Dz(n + 1),

for all n.
i. Prove that T is translation invariant.



Exercises 14 5

ii. Write the matrix that represents T with respect to the
standard (Euclidean) basis for the case N = 4.

iii. For the case N = 4, show by direct computation that
the vectors Ey, Ei, E;, and E; from Example 2.4 are
eigenvectors of T.

2.2.3. Define T : €*(Zs) — €*(Z4) by

T(z) = (22(0) — z(1), iz(1) + 22(2), 2(1), 0).

i. Let z = (1,0,—2,7). Compute T(Ry;z) and RyT(2).
Observe that they are not equal. Hence T is not
translation invariant.

ii. Find the matrix that represents T with respect to the
standard basis. Observe that it is not circulant, as we
expect from part i.

iii. Show that (1,17, —1, —i) is not an eigenvector of T'. (Recall
by Example 2.4 that (1,7, —1, —7) is a multiple of the
Fourier basis element F.)
2.2.4. Letz=(2,i,1,0) and w = (1, 0, 21, 3).
i. Compute z and w.
ii. Compute z * w directly.
iii. Compute (z * w)" directly and check that it agrees with
Zw.
2.2.5. Let z,w € £*(Zy).
i. Prove that

Z*XW =W*xZ

directly from the definition of convolution.
ii. Prove that z * w = w * z by using Lemma 2.30 and the
Fourier inversion formula.
2.2.6. Prove that convolution is associative, that is,

(x*xyY)*z=x*(y*2),

for x,y,z € €*(Zy). Suggestion: Use the easier of the two
methods in Exercise 2.2.5.
2.2.7. Define T : (*(Zy) — €*(Z4) by

(T(2)(n) =3z(n — 1) + z(n).
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2.2.8.

i. Write the matrix Arp that represents T with respect to
the standard basis. Observe that it is circulant.
ii. Find b € €*(Z4) such that T(z) = b * z.
ili. Find m € €*(Z,) such that T = Ty, that is, such that
(T(2))"(n) = m(n)z(n) for each n.
iv. Find the matrix Arr representing T in the Fourier basis
F.
v. By direct computation, check that Arp = W, 1AT,F Wy,
where W, is the matrix in equation (2.21).
Let A = [Amn]o<mn<n—1 be an N x N circulant matrix. Define

N—-1 )
)\'m — aoynemen/N
n=0
for m = 0,1,...,N — 1. Prove directly, without using

Theorem 2.19, that the eigenvalues of A are Ag, A1, ..., An—1,
which may be repeated according to multiplicity (algebraic
or geometric, which are the same here because A is
diagonalizable).

Hint: Form =0, 1,..., N —1, define vectors B,, € £*(Zx)
by

Bpu(n) =N for n=0,1,..., N —1.

These are multiples of the Fourier basis elements, hence
by Theorem 2.18, each B,, is an eigenvector of A. Note that
B,(0) =1 for each m, and observe that A,, as defined above
is the 0™ component of AB,,.

Remark: Note that if we change summation index in the
expression for A,, above by setting k = —n, and use the fact
that A is circulant, we obtain

Ay = ao,_xe —2mimk/N Za o€ —2mimk/N b(m)

for b as in Lemma 2.26. Thus the expression above is
consistent with our earlier results. The proof above is a little
more direct than the proof of Theorem 2.19 in the text,
but we preferred to show the connections with circulant
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2.2.9.

2.2.10.

2.2.11.

matrices, convolution operators, and Fourier multiplier
operators.
Define T : €*(Zy) — €*(Zn) by

(T =z(n+1) —z(n).

Find all eigenvalues of T
Let Ty : €%(Z4s) — £*(Z4) be the Fourier multiplier operator
defined by T(m)(2) = (m2)" where m = (1,0,1, —2).

1.

ii.

ii.

iii.

iv.

Find b € ¢*(Z4) such that T, is the convolution operator
Ty (defined by Ty(2) = b * 2).

Find the matrix that represents T\, with respect to the
standard basis.

Suppose Ty, T, : €*(Zy) — (*(Zy) are translation-
invariant linear transformations. Prove that the compo-
sition T, o T is translation invariant.

Suppose A and B are circulant N x N matrices. Prove
directly (i.e., just using the definition of a circulant
matrix, not using Theorem 2.19) that AB is circulant.
Show that this result and Theorem 2.19 imply part i.
Hint: Write out the (m + 1,n + 1) entry of AB using
the definition of matrix multiplication; compare with the
hint to Exercise 2.2.12 (i).

Suppose by, b, € {(*(Zy). Prove that the composition
Ty, o Ty, of the convolution operators Ty, and Tj, is the
convolution operator Ty with b = b, % b;. Hint: Use
Exercise 2.2.6.

Suppose my, m, € €*(Zy). Prove that the composition
Tim,) © Tim,y of the Fourier multiplier operators Ty,
and T, is the Fourier multiplier operator T(,,;) where
m(n) = my(n)m;(n) for all n.

Suppose Ty, Ty : £*(Zy) — £*(Zy) are linear transforma-
tions. Prove that if T} is represented by a matrix A; with
respect to the Fourier basis F (i.e., [T1(2)]r = A1[z]r) and
T, is represented by a matrix A, with respect to F, then
the composition T,0T] is represented by the matrix A, A,
with respect to F. Deduce part i again.

Remark: By Theorem 2.19, we have just proved the same

thing five times. This may not seem very intelligent, but at
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2.2.12.

2.2.13.

least we have seen how to interpret the given information
in each of these five formulations. In practice, it is useful to
have these five ways because for any given problem one can
select the formulation that seems simplest. Exercise 2.2.12
is another example of this phenomenon.

Suppose T1, Ty : €*(Zy) — ¢*(Zy) are translation-invariant
linear transformations. In this problem we prove, in four
different ways, that Ty and T, commute. This means, by
definition, that for any z € ¢*(Zy),

T2(T1(2)) = Ti(T2(2))-

i. Suppose A and B are circulant N x N matrices. Prove
directly from the definitions of matrix multiplication
and circulant matrices that AB = BA. Deduce (from
Theorem 2.19) that Ty and T, commute. Hint: For A =
[@mn]o<mn<n—1, and B = [bmn]ogm,an—ll the (m, n) entry
of AB is

z
L

amkb kn)
0

»
Il

by the definition of matrix multiplication. But a,x =
Amsn—kn and Dy = Dy min—k, Since A and B are circulant.
Now change summation index and apply Exercise 2.1.8.

ii. Prove that T7 and T, commute by using Exercises 2.2.5
and 2.2.11 (iii).

iii. Prove that Ty and T, commute by using Exercise 2.2.11
(iv).

iv. Prove that T; and T, commute by using Exercise 2.2.11
).

Remark: This exercise and Exercise 1.5.13 explain why all

circulant matrices are diagonalized by the same basis.

Suppose T : ¢*(Zyn) — (*(Zy) is a translation-invariant

linear transformation, and z, w € ¢*(Zy).

i. Prove that

Tzxw)=TZ)*w =w * T(z).

ii. Prove that T((z) = T(eo) * z, where ¢y is the first element
of the standard basis. Hint: Note that ¢, = §, then apply
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2.2.14.

2.2.15.

2.2.16.

2.2.17.

2.2.18.

Lemma 2.29 and part i. Note that by equation (2.43),
T(ep) = b, for b as in Lemma 2.26. This gives another
proof of Lemma 2.26.
Let T : ¢*(Zy) — ¢*(Zy) be a linear transformation.
Prove that T is translation invariant if and only if T(z) =
ij;ol arRi(z) for some ag, ay, ...,an—1 € C. Since Ry is the
same as sz, the k™ iterate of R;, this states that T is a
polynomial in R;. Hint: Consider the convolution operator
Ty, where b(k) = ax.
Let A be an N x N circulant matrix. Prove that A is normal
(Definition 1.108). This can be proved directly, or it follows
from Theorem 1.109, Lemma 2.2, and Theorem 2.18.
Let T : €*(Zy) — €*(Zy) be a translation-invariant linear
transformation.

i. Suppose uisan eigenvector of T with eigenvalue A. Prove
that for each k € Zy, Rxu is also an eigenvector of T with
eigenvalue A.

ii. By Theorem 2.18, each Fourier basis element F,, is
an eigenvector of T. By part i, so is every RyF),, for
0 < k,m < N — 1. Explain how T can have so many
eigenvectors.
Show that there exist z,w € €%(Z,) such that z # 0 and
w # 0, but z x w = 0, where 0 is the zero vector (0, 0, 0, 0).
Recall the definitions in Exercises 2.1.15 and 2.1.17. For
z € U*(Zn, X Zy,), define z(ny, ny) as for all (ny, ny) € ZxZby
requiring z to be periodic with period N; in the first variable
and period N, in the second variable; that is,

z(ny + j1N1, np + j2N2) = z(ng, na)

for all ny, ny,j1,j2 € Z. For ky, ky € Z, define the translation-
invariant linear transformation Ry, x, : ¢*(Zn, X Zn,) —
(L, x Ln,) by

(R, 5,2) (N1, n2) = z(n1 — ki, ny — ky).

We say T : €*(Zn, x Zn,) — €*(Zy, X Zy,) is translation
invariant if, for all ki, k, € Z and all z € ¢*(Zy, x Zx,),

T(Rg, k,2) = Ry, 1, T(2).
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2.2.19.

2.2.20.

If T : 0*(Zn, X Zn,) = €*(Zn, x Zy,) is translation invariant,
prove that each F, ,,, (defined in Exercise 2.1.17) is an
eigenvector of T. Hint: Follow the proof of Theorem 2.18.
For z, w € *(Zy, x ZLy,) (see Exercise 2.2.18), define zx w €
0*(Zn, x Zn,) by

N;—1 N,—1
z*xw(my, my) = E E z(my — ny, My — ny)w(ny, ny),
n1=0 ny=0
for all mq, my.
i. Prove that

(z * w) (M1, my) = z2(my, my)Ww(my, my),

for all my, m,.
ii. For b € €*(Zn, x Zy,), define Ty, : €*(Zn, x Zyn,) —
(L, x Ln,) by

Ty(2) = b * z.

Any linear transformation of this form is called a convo-
lution operator. Prove that T, is translation invariant.

iii. For m € €*(Zy, X Zy,), define Tgyy : £3(Zn, X Zn,) —>
ZZ(ZNl X ZNZ) by

T(m)(Z) = (m%)vy

where (m2)(n;, ny) = m(m, n2)z(ny, nz) for each (ny, ny).

Any linear transformation of this type is called a Fourier

multiplier operator. Prove that any convolution operator

Ty is a Fourier multiplier operator T, with m = b.
Suppose T : €*(Zn, x Zyn,) — €*(Zn, x Zy,) is a linear
transformation. Prove that the following are equivalent:

i. T is translation invariant.
ii. T is a Fourier multiplier operator.
iii. T is a convolution operator.

Hint: The implication i = 1ii follows from Exercise
2.2.18, ii = iii follows from Exercise 2.2.19 (iii) and Fourier
inversion, and iii = i was proved in Exercise 2.2.19 (ii).

Remark: This approach avoids matrices, which are more
difficult to write out in the two-dimensional case, although
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they can be represented by writing

Ni—1 Np—1
(Az)(m, nz) = Z Z A1, ng; My, My)z(1my, my).
m;=0 my=0
We could have followed the sequence of steps in Exercise
2.2.20 for the one-dimensional case presented in the text,
but we preferred to make the matrix description explicit in
that case.

2.3 The Fast Fourier Transform

In section 2.2, we saw the main advantage of the Fourier basis F
(Definition 2.7): all translation-invariant linear transformations are
diagonalized by F. In this section we discuss a second key feature
of F: the DFT can be computed by a fast algorithm, known as the
fast Fourier transform, or FFT. Without the FFT, use of the DFT in
analyzing real speech or video signals would be dramatically limited.

Consider the amount of computation required for a general
change of basis. Suppose z € ¢*(Zy). If B is a basis for ¢*(Zy), one
can obtain the components [z]g of z with respect to the basis B from
the Euclidean components z = [z]g, by multiplying z by the E to B
change-of-basis matrix, which we call A. That is,

[z]g = Alz]g = Az.

Since the m™ component of Az is ZVIY:_OI amnz(n), it takes N complex
multiplications to compute each component of Az. Since Az has N
components, it takes N? multiplications to compute the entire vector

Az = [z]p.
For the Fourier basis, the situation does not appear any different:
we have Z = [z]p = Wyz, where Wy is the matrix in equation

(2.18). So direct computation of Z takes N complex mutliplications.
To be more precise, we could also count the number of additions.
However, because multiplication is much slower on a computer
than addition, we get a good idea of the speed of computation by
just considering the number of complex multiplications required.
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When we say complex multiplication, we mean the multiplication
of two complex numbers. This would appear to require four real
multiplications, but by a trick (Exercise 2.3.1), it requires only three
real multiplications.

In signal and image processing, the vectors under consideration
can be very large. A television signal, for example, requires
roughly 10,000,000 pixel values per second to preserve all relevant
information (Proakis and Manolakis, 1996, pp. 29-30). Thus one
second of the sampled signal is a vector of length 10,000,000. A
fingerprint image (see the Prologue) is represented digitally by
breaking each square inch of the image into a 500 by 500 grid of
pixels, each of which is assigned a gray-scale value (a darkness).
These values are the components of a large vector. For a video
image, one may have 20-30 vectors of comparable size every second.
Computation of the DFTs of these vectors in real time by direct
means may be beyond the capacity of one’s computational hardware.
So a fast algorithm is needed.

We begin with the simplest version of the FFT, in which the length
N of the vector is assumed to be even. This case demonstrates the
basic idea behind the FFT.

Lemma 2.37 Suppose M € N, and N = 2M. Let z € £*(Zy). Define
u,v € £*(Zy) by

u(k) =z(2k) for k=0,1,...,M—1,
and
v(k)y=z(2k+1) for k=0,1,...,M—1.
In other words,
u = (2(0),2(2),2(4), ..., 2(N — 4), z(N — 2))
and
v=(2(1),2(3),2(5),...,2(N —3),z(N — 1)).

Let z denote the DFT of z defined on N points, that is, z = Wyz. Let
ot and U denote the DFTS of u and v respectively, defined on M = N/2
points, that is, it = Wyu and 0 = Wywv. Then form=0,1,... M —1,

2(m) = a(m) + e Npm). (2.48)
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Also, form =M M+1,M+2,...,N—1, let £ = m — M. Note that the
corresponding values of L are £ = 0,1,...,M — 1. Then

Z(m) = 2(€ + M) = (€) — e N0, (2.49)
Proof
Foranym=20,1,... N—1

’

N-1
2(7,”) — Z Z(n)e—zmmn/N'
n=0
by definition. The sum over n = 0,1,..., N — 1 can be broken up
into the sum over the even values n = 2k, k = 0,1,..., M — 1, plus

the sum over the odd valuesn =2k + 1, fork=0,1,... M —1:

M—1 M-1

2(7}’1) — Z Z(Zk)e—Znika/N + Z Z(Zk + 1)6—2ni(2k+1)m/N
k=0 k=0
M—1 M—1
- u(k)e—zmkm/(N/Z) + g—2mim/N Z v(k)e—ZHikm/(N/Z)
k=0 k=0
M=1 M—1
— u(k)e—zmkm/M + e—Zm'm/N Z v(k)e—zmkm/M'
k=0 k=0
In the case m = 0,1,...,M — 1, the last expression is #(m) +
e~/ Np(m), so we have equation (2.48). Now suppose m = M, M +

1,..., N—1. By writingm = £+ M as in the statement of the theorem
and substituting this for m above, we get

2(m) = MXE u(k)e—zmk(e+M)/M 4 g~ ZHtHM)/N MX:I v(k)e—zmk(HM)/M
k=0 k=0
M-1 M—1
— u(k)efzme/M — g 2mit/N Z v(k)eme'kZ/M’
k=0 k=0

since the exponentials ="M are periodic with period M, and

e~ M/N — =7 — _1 for N = 2M. This yields equation (2.49). N

Example 2.38
Letz =(1,1,1,i,1,—1,1, —i). Find 2.
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- + .
u(m,) >~ >~ - z(m)
— ﬁ(m) + 6727‘[1771/N1’>(m)
D(m) . . ~ z(m+ M)
% 6727‘[1'771/N % (_1) + — ﬁ(m) _ 6727‘[1771/N1’>(m)
FIGURE 10
Solution

Following Lemma 2.37, we obtain

u=(1,1,1,1) and v=(1,i—1,—0).

Note that u = 4F, and v = 4F} (e.g., by Example 2.4 and the fact that

Fp =
using

N~Y2E,). Hence by Exercise 2.3.3 (or by direct computation
equations (2.19) and (2.21)),

l=(4,0,00) and =(04,0,0).

Hence by equation (2.48),

and

Then

and

Henc

2(0) = (0) +1D(0) = 4+ 0 = 4,
5(1) = 0(1) + e V(1) = 0 + 4™ = 24/2 — 24/2i,
5(2) =0(2) + e ™8(2) =04+ 0=0,

5(3)=0(3) +e ™ (3)=0+0=0.
by equation (2.49),
5(4) = 2(0) —1D(0) =4 — 0 = 4,
2(5) = fi(1) — e 28p(1) = 0 — 4e ™ = —24/2 + 24/2i,
5(6) =(2) — e 8(2) =0 —-0=0,

5(7) =1(3) — e 8((3)=0-0=0.

€

5= (4,2v2—2+/2i,0,0,4, —2v/2 4 2+4/2i, 0, 0).
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The basic step of this procedure starts with the values i#t(m) and
O(m) and gives z(m) and z(m+ M) according to the diagram in Figure
10, called a butterfly. This computation is so basic that computer
hardware is sometimes evaluated by how many butterflies can be
computed per second.

Notice that the same values are used in equations (2.48) and
(2.49), namely %(¢) and D(¢) for 0 < ¢ < M — 1. To apply
equations (2.48) and (2.49), we first compute & and 0. Because each
of these is a vector of length M = N/2, each can be computed
directly with M? complex multiplications. We then compute the
products e~ 2" Nj(m) for m = 0,1,...,M — 1. This requires an
additional M multiplications. The rest is done using only additions
and subtractions of these quantities, which we do not count. So the
total number of complex multiplications required to compute Z by
equations (2.48) and (2.49) is at most

) N\> N
2M +M=2<?> + ==
For N large, this is essentially N?/2, whereas the number of complex
multiplications required to compute Z directly is N2. So Lemma 2.37
already cuts our computation time nearly in half.
If N is divisible by 4 instead of just 2, we can go further. Because
u and v have even order, we can then apply the same method to
reduce the time required to compute them. If N is divisible by 8,
we can carry this one step further, and so on. A more general way
to describe this is to define #y, for any positive integer N, to be the
least number of complex multiplications required to compute the
DFT of a vector of length N. If N = 2M, then equations (2.48) and
(2.49) reduce the computation of Z to the computation of two DFTs
of size M, plus M additional complex multiplications. Hence

#N < 2%y + M. (2.50)
The most favorable case is when N is a power of 2.

Lemma 2.39 Suppose N = 2" for some n € N. Then

1
#y < ENlog2 N.
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Proof

The proof is by induction on n. When n = 1, a vector of length 2!
is of the form z = (a, b). Then from the definition (see equations
(2.19) and (2.20)),

z=(a+Db,a—D).

Note that this computation does not require any complex multipli-
cations, so #;, = 0 < 1 = (21og, 2)/2. So the result holds in this case.
By induction, suppose it holds for n = k — 1. Then for n = k, we
have by equation (2.50) and the induction hypothesis that

1
o < 2tyer 4281 < zzzk—l(k —1) 42!
1 1
= k2F! = k2" = —Nlog, N.
2 2

This completes the induction step, and hence establishes the
result. u

As an example, for a vector of size 262,144 = 28 the FFT reduces
the number of complex multiplications needed to compute the DFT
from 6.87 x 10'° to 2,359,296, making the computation more than
29,000 times faster! Thus if it takes 8 hours to do this DFT directly,
it would take about 1 second to do it via the FFT. This ratio becomes
more extreme as N increases, to the point that some computations
that can be done by the FFT in a reasonable length of time could
not be done directly in an entire lifetime. This radical difference in
speed has been essential for modern-day digital signal processing.

What if N is not even? If N is prime, the method of the FFT does
not apply. However, if N is composite, say N = pq, a generalization
of Lemma 2.37 can be applied.

Lemma 2.40 Suppose p,q € Nand N = pq. Let z € £*(Zy). Define
Wo, W1, ..., Wp—1 € Zz(Zq) by

we(ky=2z(kp+¢) for k=0,1,...,q—1.
Forb=0,1,...,q— 1, define vy, € £*(Zy,) by

vp(0) = e PN y(h) for £=0,1,...,p—1.
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Then fora=20,1,...,p—1andb=0,1,...,qg—1,
z(aq + b) = Up(a). (2.51)

Note that by the division algorithm, every m = 0,1,..., N — 1 is of the
form aq + b for somea € {0,1,...,p—1}andb € {0,1,...,g — 1}, so
equation (2.51) gives the full DFT of z.

Proof
We can write each n = 0,1,..., N — 1 uniquely in the form kp + ¢
for some k € {0,1,...,q—1}and £ € {0,1,...,p — 1}. Hence

N-1 p—1qg-—1
2(aq—|—b) — Z Z(n)e—Zm(aq-i-b)n/N — Z ZZ(kp_i_g)e—2m(aq+b)(kp+€)/(pq)'
n=0 =0 k=0

Note that

e*Zﬂi(aq+b)(kp+£)/(pq) — e*Zm'ake*Zm'aZ/pe*Znibk/qefznib(i/(pq)

Since e~2™“k = 1 and pq = N, using the definition of wy(k) we obtain

p—1 q—1
2(6lq + b) — § :e—ZmaE/pe—Zme/N 2 :wﬂ(k)e—Zmbk/q
£=0 k=

0

p—1 p—1
£=0 £=0 [ ]

This proof shows the basic principle behind the FFT. In
computing z(aq + b), the same quantities v,(¢),0 < £ <p — 1, arise
for each value of a. The FFT algorithm recognizes this and computes
these values only once. Direct computation of Z involves implicitly
recomputing these intermediate values each time they arise.

Consider the number of multiplications required for the
algorithm in Lemma 2.40. We first compute the vectors w,, for
£=0,1,...,p—1. Each of these is a vector of length g, so computing
each W, requires #, complex multiplications. So this step requires a
total of p#, complex multiplications. The next step is to multiply each
¢(b) by e 2PN t0 obtain the vectors v,(£). This requires a total of
pg complex multiplications, one for each of the g values of b and p
values of £. Finally we compute the vectors 0, forb =0,1,...,q— 1.
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Each v, is a vector of length p, so each of the g vectors v, requires
#, complex multiplications, for a total of g#, muliplications. Adding
up, we have an estimate for the number of multiplications required
to compute a DFT of size N = pg, namely

#pg = P#q+q#p +q. (2.52)

This estimate can be used inductively to make various estimates on
the time required to compute the FFT (see Exercises 2.3.7 and 2.3.8).
The advantage of using the FFT is greater the more composite N is.
In many applications we can segment our data stream into pieces
of any size we choose. In this case we usually take N to be a power
of 2 so we can apply Lemma 2.39. If we cannot choose the length of
the vector, sometimes it is harmless to pad it with some extra zeros
at the end until it has length that is highly composite.

Although equations (2.50) and (2.52) can be used to estimate the
total number of complex multiplications needed to compute z, they
don’t show how to set up the full computation. Lemmas 2.37 and 2.40
show how to do each step but not how to organize them iteratively.
We discuss one more FFT algorithm to show how the computation
can be arranged. For simplicity, we restrict ourselves here to the
case where N is a power of 2, say N = 2". Then we can expand any
me{0,1,...,N — 1} in base 2 in the form

m=mo~+2m; +2°my+ -+ 2" m,_1,
where mo, my, ..., mu_y € {0,1}. For z € €*(Zy), denote
z(m) = z(Mp—1, Mu—2, ..., My, My).

For any k = ko+2k; +2%ky+- - -+2""1k,_1 with ko, k1, . . ., kn—1 € {0, 1},

N—1
m=0
1 1 1
= Z Z Z Z(mnflrmnfzr"‘fmlrmo)

m;=0 m,—1=0

my=0
(-27‘[1(k0 + Zkl R 2”_1kn_1)(m0 + 2m1 + -4+ Z”_lmn_1)>
XEXpP )

2}’[
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where exp(t) denotes ¢'. Now

—2mi(ko + 2ky + -+ + 2" K1) (Mo + 2my + -+ + 2" Iy )
exp o
<—2m’(k0 + 2k + -+ 2”_1kn_1)2”_1mn_1)
e exp PR
Zn
(—zm(ko + 2k 4+ ankn_1)2m1>
X exp

ZVl
<—27T1(k0 + Zkl + ...+ Z”_]knl)mo)
X EXp o .

In each exponent we can delete all products that give an integer
multiple of 27i2" in the numerator because after division by 2", the
argument is an integer multiple of 2. Thus

eXp(—zm(ko + 2k + -+ 2" k) (mo 4 2my -+ 2”_1mn_1))

2}’1
—ZnikOZ”_lmn_l —Zﬂl(ko + 2k1)2”_2mn_2
= exp on exp on
<—27n'(k0 + 2k, + ZZkZ)Z”_3mn_3)
X exp o e
(—zm(ko + 2ky + 2%y + - + 2”_1kn_1)m0)
X exp o .

Substituting this into the preceding equation gives

11 1 2"
A —27iky2" 1mn—
Z(k): Z Z Z z(mn_l,...,W’L1,m0)eXP( 0217 1)

my=0 m; =0 Mmy—1=0
—Z?Tl(ko + 2k1)2”_2mn_2
X exp ( o e (2.53)
<—2m’(k0 + 2k + -+ 2”—1kn1)m0>
X exp .
21’1

Notice that the inside sum depends on the outside summation
variables mg, my, ..., m,_, and on kg butnotonky, ..., k,_1.So define

y1(k0, My—2, Mp—3, ..., mO)
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1
= Z Z(Mu_1, My_z, ..., M1, Mg) exp(—2mik2™ 'm,_1/2")

m,—1=0
=2z(0,my—z,...,my, mp) -1
—2mikg2" !
+z(1, my—y, ..., My, Mpy) EXp — )
Computing y (ko, Mp—2, My—3, ..., My) requires only one complex

multiplication for each of the 2" choices of kg, my,—3, mMyu—3, ...,
mo € {0, 1}, for a total of 2" complex multiplications to compute
all 2" possible values of y;. At the next step, define

yz(k()r klr m}’l—3r ctt mo)
1

= § U (kOr Mpy—2, Mp-3, ..., mO)

My—=0

<—2m’(ko + Zkl)Z”_zmn2>
X exp .

27’1
It takes just one complex multiplication to compute each one of
these, hence 2" total to compute all possible values of y,. We continue
in this way, each time replacing the highest remaining m index
by the next k index. Thus the scheme is to make the sequence of
transformations

Z(Mp—1, Mp_z, ..., M1, Mg) = Yi1(ko, Mp—2, Mu_3, ..., M),

yl(kOr My—2, My—3, ..., mo) - yZ(kOr klr Mmuy—3,..., mo),

Yn—1(ko, ki, kz, ..., kn—z, mo) = Yn(ko, k1, kz, ..., kn—2, kn—1).

By equation (2.53), the final vector y,(ko, ki, kz, ..., kn—2, kn—1) is
z(k). At each step we compute the next vector y; at all the 2"
possible choices of its variables. So each step requires at most 2"
complex multiplications, and there are a total of n steps, for at
most n2" = N log, N complex multiplications. (By Lemma 2.39, this
must be an overcounting by a factor of 2. Exercise 2.3.9 explains
the discrepancy.) Note that once the vector y; has been computed,
yj—1 is no longer needed, and hence can be discarded. Thus the
computation can be done “in place,” that is, at each stage the previous
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data can be replaced by the new data. This reduces the amount of
memory needed to run the computation.

There are many variations on the FFT algorithm, sometimes
leading to slight advantages over the basic one given here. But
the main point is that the DFT of a vector of length N = 2"
can be computed with at most n2"!' = (N/2)log, N complex
multiplications as opposed to N? = 22" if done directly.

What about the inverse DFT, the IDFT? By equation (2.30),

w(n) = %ﬁ)(N —n),

so the FFT algorithm can be used to compute the IDFT quickly also,
in at most (N/2)log, N steps if N is a power of 2. (We don’t count
division by N because integer division is relatively fast.)

Given that the DFT and IDFT can be computed rapidly, it follows
that we can compute convolutions quickly also. Namely, we can
write

zxw = (Zw)”

(by applying the inverse transform to the result of Lemma 2.30).
If zzw € ¢*(Zy), for N a power of 2, it takes at most N log, N
multiplications to compute z and w, N multiplications to compute
zw (the componentwise product of these two vectors), and at most
(N/2)log, N multiplications to take the IDFT of Zw. Thus overall it
takes no more than N + (3N/2)log, N multiplications to compute
Z ¥ W.

In section 2.2, we saw that any translation-invariant linear
transformation on ¢%(Zy) can be written as a convolution operator.
By Theorem 2.19, this includes the operation of multiplication
by a circulant matrix. Thus the product of an N x N circulant
matrix times a vector of length N can be computed using at most
N + (3N/2)log, N multiplications, instead of the usual N%. In other
words, when T is a translation-invariant linear transformation, the
DFT not only diagonalizes T, it gives (via the FFT) a fast, practical
way to compute T.
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Exercises

2.3.1.

2.3.2.

2.3.3.

2.3.4.

2.3.5.

2.3.6.

2.3.7.

Observe that
(a+ib)(c+id) = (a—Db)d+(c—d)a+[(a — b)d + (c + d)b] i.

This means that to compute the product of two complex

numbers, we need to compute only three real multiplica-

tions, namely (a — b)d, (¢ — d)a, and (¢ + d)b.

Letu = (1,3), v =(0,4), and z = (1,0, 3, 4).

i. Compute @t and 0.

ii. Use part i and equations (2.48) and (2.49) to compute Z.

iii. Compute z directly and compare the answer with your
answer to part ii.

iv. Let w = (0,1, 4, 3). Use equations (2.48) and (2.49) to
compute 1.

Let {eg, €1, ..., en—1} be the Euclidean basis for EZ(ZN), and

let {Fy, Fy, ..., Fx—1} be the Fourier basis.

i. Show that &,(k) = ¢ 2N for all k. Notice that &, is
very nearly (up to a reflection and a normalization) an
element of the Fourier basis.

ii. Show that F,, = e,,.

Let w = (1,0,1,0,1,0,1,0). Compute w. Hint: consider
z=(1,1,1,1).
Letu=(1,i,—1,—1),v=(1,-1,1,-1), and
z=(1,1,i,—1,—1,1, —i, —1).
i. Compute @ and 0. (Suggestion: Use Exercise 2.3.3.)
ii. Compute Z.
Suppose u = (a, b, ¢, d), v = («, B, ¥, ), and
z=(a,a,b, B, cydd).If

t=(2,i,—1,0) and ¥ =(3,—2,0,40),

find Z.
Suppose p is a prime number and N = p” for some positive
integer n. Prove that

#y < np"t? = p’N log, N.

Hint: Use induction and apply equation (2.52) with g = p”
when going from n ton + 1.



Exercises 1 6 3

2.3.8.

2.3.9.

2.3.10.

my

Suppose N = p|"p,?p3"* -+ - p™, for some positive integers
P1,P2, ..., Pnandmy, ..., m,. Prove that there exist constants
C(p1,p2, ---,pm) depending on pi,pz,...,pn but not on

my, My, ..., My, such that

#N < C(pl,pz, e ,pm)Nlogz N.

Hint: Recall that log,(x) = log,(x)/log,(b); use Exercise
2.3.7, equation (2.52), and induction on n.

Show that the number of complex multiplications required
to compute equation (2.53) is at most (N/2)log, N. Hint: At
the general step going from y; to y;+1, we must compute

yj-H (k(), ey k]‘, V}’ln_j_z, ey Wl())
1
= Z Yj(ko, .-, Kj—1, Mp—j—1, ..., Mg)
mn—}—l:O
(—zm(ko +o 27 o + szj)zn—f—lmn_j_1>
X exp .
27’1
This seems to require one multiplication (only one because
there is no multiplication when m,_j_; = 0) for each
possible value of ky, . .., kj and m,—j_», ..., my. Separate out
the term e~ 27252"7 " mui1/2" and show that it is always either

+1 or —1. Thus the two choices of k; are done via the same
multiplication.

(Operation count for the two-dimensional DFT) Let z €
0*(Zy, x Zy,) (defined in Exercise 2.1.15). Direct compu-
tation of the two-dimensional DFT Z(m;, m;) (defined in
Exercise 2.1.17) would at first appear to require N; N, com-
plex multiplications for each of the N, N, values of (m;, my),
for a total of N2Nj complex multiplications. However, define

Ny—1

y(nl X mz) — Z Z(nl : nz)e—ZTIiI’ﬂznz/NZ .

1n,=0
Then by the definition,

N —1

z(my, my) = Z y(m, mz)e_Z"imlnl/Nl.
n;=0
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i. Show that the direct computation of all values of
y(n, my) takes NjN; complex multiplications, after
which direct computation of all values of Z(my, my)
requires NN, multiplications. So the full computation
can be done using N;N,(N; + N;) multiplications.
Remark: The reason for this advantage is that the

computation of the two-dimensional DFT consists, by its

definition, of computing one transform of size N, (the
inner sum) followed by a second sum of size N;. Any
computation that can be broken down into a sequence of
smaller summations in this way is called parallelizable. The
principle behind the FFT is that the DFT is parallelizable,

as shown by equation (2.53).

ii. Suppose N; and N, are powers of 2. Using the FFT at
each of the two stages outlined above, instead of direct
computation, show that Z can be computed using at most
N1 N, log, (N1 N,) complex multiplications.



Wavelets on Zy

CHAPTER

3.1 Construction of Wavelets on Zy:
The First Stage

In this chapter we continue to work with discrete signals z € £*(Zy).
In chapter 2 we noted the two key advantages of the Fourier basis F:
(1) translation-invariant linear transformations are diagonalized by
F, and (2) the coordinates in the Fourier basis can be computed
quickly using the FFT. However, for many purposes in signal
analysis and other fields, the Fourier basis has serious limitations.
Many of these come from the fact that the Fourier basis elements
are not localized in space, in the following sense.

We say that a vector z € €*(Zy) is localized in space near ny if
most of the components z(n) of z are 0 or at least relatively small,
except for a few values of n close to ng. A Fourier basis element F;,
is not localized in space because its components Fy,(n) = %ez’”'m”/ N
have the same magnitude (namely 1/N) for every n € Zy. This is the
opposite of being localized: the Fourier basis vectors are as evenly
dispersed as possible.

Suppose B = {vg, V1, ...,Un—1} is a basis for EZ(ZN) such that all
the basis elements of B are localized in space. For a vector z, we can

165
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write
N—1
2= auy,, (3.1)
n=0
for some scalars ay, . . ., ay—1. Suppose that we wish to focus on the

portion of z near some particular point ny. Terms involving basis
vectors that are 0 or negligibly small near ny can be deleted from
relation (3.1) without changing the behavior near n, significantly.
Thus we may be able to replace a full sum over N terms by a much
smaller sum when considering only the portion of z near ny.

More generally, a spatially localized basis is useful because it
provides a local analysis of a signal: if a certain coefficient in the
expansion of z is large, we can identify the location with which this
large coefficient is associated. We could then, for example, focus on
this location and analyze it in more detail. One example for which
this is useful is medical image processing, for example to look closely
at a potential tumor. Another is radar or sonar imaging, for example
in oil prospecting to identify the boundary of an oil pocket, or in
archaeology to locate artifacts.

Another example comes from video image analysis. Currently,
the use of video telephones is not widespread because a high-quality
sequence of video images cannot be transmitted along a phone
line in real time, because such a sequence of images exceeds the
phone line’s capacity. If video images can be represented with a
smaller data set without serious degradation of the image, video
telephones may become practical. There is an entire field called
data compression devoted to this and similar problems.

Having a localized basis would help compress video images for
the following reason. For television video images, it is likely that one
frame differs only slightly from the previous frame: for example, the
background may be the same but perhaps a person’s hand is moving.
Instead of transmitting the entire new frame, only the difference
between one frame and the next has to be transmitted. For a localized
basis, the coefficients of the basis vectors that were concentrated
far away from the moving hand would be almost unaffected by
that movement. These coefficients would not change appreciably
from one frame to the next, and so would not require updating. The
only updating required would be for a small number of coefficients
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of basis vectors localized near the hand. The updating could be
done with relatively few data bits, thus achieving a high rate of
compression.

This cannot be done if we are using the Fourier basis to represent
our data. Since

N—1

2(;/”) — Z Z(n)e—zmmn/N’

n=0

and e~ ?"™N has magnitude 1 at every n, a change in z(n) for a
single value of n can affect all values of Z(m) significantly. Similarly,
the spatially localized hand movement can affect nearly all the DFT
values substantially. Updating the image in the Fourier basis may
require a large number of data bits, even though the image changed
only locally. (For the example of a video image, we should consider
the two-dimensional DFT from Exercise 2.1.17, but the principles
are the same.)

We have one example of a localized basis, namely the standard,
or Euclidean, basis. It is as localized as possible; each basis vector
has only one nonzero component. However, we would also like
to obtain the advantages of the Fourier basis discussed in chapter
2, in particular the fast computation of translation-invariant linear
transformations. For this we would like our basis to be frequency
localized. By this we mean that we would like the DFTs of our basis
vectors to be negligibly small except near one particular region. This
means that the basis vectors should consist of a very small group of
frequencies. Note that a standard basis vector e, is not frequency
localized: by Exercise 2.3.3 (i), |, (k)| = 1 for all k. The Fourier basis
vectors are perfectly localized in frequency: by Exercise 2.3.3 (ii),
Fn(n) is nonzero only at one n, namely n = m. Because the Fourier
basis, which is perfectly frequency localized, exactly diagonalizes
translation-invariant linear transformations, we expect that a basis
that is somewhat frequency localized will nearly diagonalize these
transformations, in some sense.

Working with a frequency localized basis also allows us to mimic
common filtering techniques. For example, it may be that the high-
frequency components of the signal have very small coefficients,
so that these values can be deleted without altering the signal in a
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serious way. Or it may be that these high-frequency components
are not humanly perceptible, so deleting them does not affect our
perception of the image. (This is the case, for example, for audio
signals.) It may even be that some high-frequencies come from noise
added to the signal, so that the signal becomes more clear when
these terms are removed. With a frequency localized expansion, we
know which terms in our expansion to delete to remove the high-
frequency components of the signal. If the result is that the signal
is satisfactorily represented by a reduced number of data bits, then
we have obtained compression.

Thus, our ultimate goal is to obtain a basis whose elements are
both spatially and frequency localized. Then a vector's expansion
coefficients in this basis will provide both spatial and frequency in-
formation. Hence, we would obtain a simultaneous space/frequency
analysis of this vector. Wavelets will provide such a basis.

When we talk about an audio signal, we regard the original
variable as time (i.e., z(n) is the amplitude of the signal at time n),
whereas if we are talking about a two-dimensional video image, we
regard the original variable as position (i.e., z(n;, ny) is the darkness
of the image at position (n,ny); see Exercises 2.1.15-2.1.18). In
either case the DFT variable is considered the frequency (e.g., in one
dimension, Z(m) is the coefficient of the frequency component F, in
the sum making up z). Thus we can talk of time/frequency analysis
or space/frequency analysis, depending on the physical context; the
mathematical meaning is the same.

We would also like the change of basis from the standard basis
E to the new basis B to be computable by a fast algorithm, because
otherwise B will be useless for audio and video signals of a realistic
size. We focus on the issue of rapid computation for the moment. We
can compute the DFT quickly via the FFT but the Fourier basis is
not spatially localized. However, we noted in section 2.3 that we can
use the FFT to compute convolutions quickly also, via the formula

zxw = (W)
Can we use this to compute a change of basis quickly? To answer

this, we first note the connection between convolution and inner
products.
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Definition 3.1  For any w € €*(Zy), define w € €*(Zy) by

wmn) =w(—n)=w(N —n) foral n. (3.2)
We call w0 the conjugate reflection of w.

(This will be standard notation for us: from now on, w, z, etc.,
are assumed without comment to be defined as in equation (3.2).)
By Exercise 2.1.13,

() (n) = W(n) (3.3)

for all n. Recall the definition of the circular translate Rz of a vector
z: (Rxz)(n) = z(n — k) (Definition 2.12).

Lemma 3.2  Suppose z, w € {*(Zy). For any k € Z,

z % w(k) = (z, Rxw) (3.4)
and
zx w(k) = (z, Rxw). (3.5)
Proof
By definition,
N—1 N—1
(2, Raw) = > z(MRew(n) = »_ z(mw(n — k)
n=0 n=0
N—1

z(Mw(k —n) = w * z(k) = z x w(k),

Il
o

n

by the commutativity of convolution (Exercise 2.2.5). This proves
equation (3.4). Then equation (3.5) follows by replacing w with w in
equation (3.4), and noting that w = w. [

Can Lemma 3.2 be used to obtain a basis that can be computed
quickly? Suppose w € ¢*(Zy) is such that B = {Rkw}f:_o1 is an
orthonormal basis for £*(Zy). Then the coefficients of the expansion
of a vector z in terms of B are the inner products (z, Rxw) (Lemma
1.101 i). By equation (3.4), these coefficients are just the components

of z x w, that is,

Z]g = z *x w.



170 3. Wavelets on Zy

Using the FFT, this convolution can be computed rapidly. So for an
orthonormal basis B generated by translates of a single vector w,
the E to B change of basis can be computed quickly (where E is the
Euclidean basis).

The standard basis E is the only obvious example of an
orthonormal basis of the form {Rkw}fj:_ol. Remarkably, there is a
simple condition, in terms of the DFT of w, that characterizes all
such bases.

Lemma 3.3 Letw € €*(Zy). Then {Rkw}lk\jz_o1 is an orthonormal basis
for €*(Zy) if and only if |[w(n)| = 1 for all n € Zy.

Proof

Recall the Dirac function § € €*(Zy) defined by §(n) = 1if n = 0
and 6(n) = 0iftn =1,2,...,N — 1. By Exercise 2.3.3 and the fact
that § = ey (or a simple computation), S(n) =1 for all n. By Exercise
3.1.1(ii), {Rk?,u}l,j:_o1 is an orthonormal basis for EZ(ZN) if and only if

1 ifk=0

0 ifk=1,2,...,N—1. (3-6)

(w, Ryw) = {
By equation (3.4), (w, Rxw) = wxw(k), so equation (3.6) is equivalent
to
w* W =34.

By Fourier inversion, Lemma 2.30, and equation (3.3), this is the
same as

1=38(n) = (=) (n) = DM)(W) () = LW(n) = )
for all n. |

Although it is gratifying to get such a simple condition for B to be
orthonormal, Lemma 3.3 is a disappointment from our point of view.
It says that we cannot obtain a frequency localized orthonormal basis

of the form {Ryw};, since W(n) will have magnitude 1 for all n. By
Lemma 2.13, |(Rxw) (n)| = |Ww(n)|, so every element Ryw has the

same property. Thus the situation for any orthonormal basis of this
form is similar to the case of the Euclidean basis.

This observation is not as devastating to our plans as it appears
because it turns out that a slight modification of the original idea
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leads to the key results. Instead of looking for one vector w whose full
set of translates form an orthonormal basis, we look for two vectors
u and v such that the set of their translates by even integers forms
an orthonormal basis. For this result, we must restrict ourselves to
even values of N.

Definition 3.4 Suppose N is an even integer, say N = 2M for some
M € N. An orthonormal basis for £*(Zx) of the form

Ryl h U Ry i)

for some u, v € €*(Zy), is called a first-stage wavelet basis for €*(Zy).
We call u and v the generators of the first-stage wavelet basis. We
sometimes also call u the father wavelet and v the mother wavelet.

Our goal is to determine when a pair u, v generates a first-stage
wavelet basis. In Theorem 3.8, we characterize such pairs in terms of
conditions on & and 0. First we build up some necessary background.

Lemma 3.5 Suppose M € N, N = 2M, and z € ¢*(Zy). Define
z* € L*(Zn) by

z*(n) = (—1)"z(n) forall n. (3.7)
Then
(ZY(m)=2(n+M) forall n. (3.8)

Proof
By definition,

(Z*)A(Vl) — X_: Z*(k)e—zmkn/N — 2—:(—1)kz(k)e_2”ik”/N

k=0 k=0
N—1 N-—1
k=0 k=0 |

Observe that for any z € £*(Zy), with N even,

(z+z*)(n)=z(n)(1+(—1)”)={ 2 Enseen g

From equation (3.9), we see the utility of z*: it provides a means
to restrict to even values of n. This is exhibited in the proof of Lemma
3.6.
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Lemma 3.6 Suppose M € N, N = 2M, and w € €*(Zy). Then
{Rzkw}lszz_o1 is an orthonormal set with M elements if and only if
lw)|> + [+ M)* =2 for n=0,1,...,M—1. (3.10)

Proof
By equation (3.4) and Exercise 3.1.1 (iii), {Rzkw}f:_ol is an orthonor-
mal set with M elements if and only if

~ 1 ifk=0
w * W(2k) = (w, Ryxw) = { 0 ifk—12 M—1 (3.11)
By equation (3.9),
- - 2w *w(n) ifniseven
(w*w+ (w*w) )(n)z{ 0 () s odd. (3.12)

Hence, for even values of n, say n = 2k, equation (3.11) holds if and
only if

2 itk=0

(W * W+ (W * W) )(Zk)=ZW*w(2k)={ 0 ifk=1,2,... M—1.

For odd values of n, (w * w + (w % w)*)(n) is automatically 0, by
equation (3.12). Hence equation (3.11) holds if and only if
w kW ~+ (w* w)* = 26.

Since 3(71) =1 for all n, Fourier inversion shows that equation (3.11)
holds if and only if

(w* ) () + (W)Y (m)=2 for n=0,1,... N—1. (3.13)
By Lemma 2.30 and equation (3.3),
(w * W) (n) = D(M(@) (1) = WD) = [,
Using this equation and equation (3.8),
(W W)")'(n) = (W) (n+M) = [b(n + M)|*.

By substituting these last two identities, we see that the left side of
equation (3.13) is |W(n)|* + |Ww(n + M)|*. Note that this expression is
periodic with period M:

[ + M) + [ + M + M)|* = [(n + M)* + [(n)]?,
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because W has period N = 2M. Hence |[Ww(n)> + |(n + M)|* is
2 forn =0,1,...,M — 1 if and only if it is always 2. Therefore
equation (3.10) is equivalent to equation (3.13), which we noted is
equivalent to equation (3.11), and hence to the orthonormality of
{Ryew ! |

The phrase “with M elements” in the statement of Lemma 3.6
is included to guarantee that the elements Ryxw are distinct for
k = 0,1,...,M — 1. For example, if w = N~V2(1,1,,,,1), then
technically the set {Rzkw}iw:_ol is orthonormal because it has only one
element. We remark that Lemma 3.6 has an alternate proof based
on Parseval’s formula and Fourier inversion (Exercise 3.1.1 (v)).

Definition 3.7 Suppose M € N, N = 2M, and u,v € ¢*(Zy). For
n € Z, define A(n), the system matrix of u and v, by

_ u(n) v(n)
AW =7 [ A(n+M) D(n+ M) } ' (3.14)

Now we can characterize orthonormal bases generated by the
even integer translates of two vectors.

Theorem 3.8 Suppose M € Nand N = 2M. Let u,v € £*(Zy). Then
B = {Rywhly U (Royuhily
= {U, sz, R4U, e, RN_ZU, u, Rzu, R4l/t, ey RN_ZM}

is an orthonormal basis for €*(Zy) if and only if the system matrix A(n)
of u and v is unitary for each n = 0,1, ..., M — 1. Equivalently, Bis a
first-stage wavelet basis for £*(Zy) if and only if

()| + [a(n + M)|* = 2, (3.15)
1D()|* + [D(n + M)|* = 2, (3.16)

and
in)d(n) + 4(n + M)d(n + M) = 0, (3.17)

foralln=0,1,... M —1.

Proof
Recall (Lemma 1.105) that a 2 x 2 matrix is unitary if and only if
its columns form an orthonormal basis for C2. Applying Lemma 3.6,
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{Rzku}ﬁ/{:_ol is orthonormal if'and only if equation (3.15) holds, that is,
the first column of A(n) has length 1 for every n =0,1,... M — 1.
Similarly, {RZkv}ﬁfol is orthonormal if and only if equation (3.16)
holds, which states that the second column of A(n) has length 1 for
n=0,1,...,M — 1. Next, we claim that

(Roxu, Ryjv)y =0 forall jk=0,1,... M—1 (3.18)

if and only if equation (3.17) holds. Note that equation (3.17) is the
statement that the columns of A(n) are orthogonal. Assuming this
claim momentarily, it follows that B is an orthonormal set, hence
an orthonormal basis for ¢*(Zy) (because it has N elements), if and
only if A(n) is unitary for eachn=20,1,..., M — 1.

To prove the equivalence of equations (3.17) and (3.18), first note
that equation (3.18) is equivalent to

u*x0(2k) = (u,Ryv) =0 forall k=0,1,... M—1,

by equation (3.4) and Exercise 3.1.1 (iv). By equation (3.9) with
7z = u * D, this is equivalent to

uxD+ (ux0)* =0,

because the values at odd indices are automatically 0. By DFT
inversion, this is equivalent to

(u* D) + (u*0)*) = 0.
By Lemma 2.30 and relation (3.3),
(DY (n) = A()D(n).
Hence by equation (3.8),
((u* D)"Y (1) = &(n + M)d(n + M).

Note that the left side of equation (3.17) is periodic with period M,
soitisOforn =0,1,...,M—1ifand only ifit is 0 for all n. Therefore
equation (3.18) is equivalent to equation (3.17). |

There is a generalization of Theorem 3.8 to the case of £ functions
(Exercise 3.1.11), which includes Lemma 3.3 as the special case
¢=1.
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It is generally not easy to see directly that {Rzkv}],f:_ol U {Rzku}kM:_Ol
is an orthonormal basis for ¢*(Zy) (although one case for which
this is possible is the discrete Haar basis, defined in Exercise 3.1.2).
However, it is not difficult to construct & and D such that the system
matrix A(n) is unitary for alln = 0,1,...,M — 1. By Theorem 3.8,
once we do so, we can take the IDFT of & and ¥ to obtain an example
of a first-stage wavelet basis.

Before constructing an example, we compare the conditions in
Lemma 3.3 and Theorem 3.8. In Lemma 3.3, |i0(n)|? is constrained
to be 1 for every n. In Theorem 3.8, the only constraint on |i(n)|?
and |ii(n + M)|* is that their average is 1. This allows, for example,
li(n)|*> = 2 and |i(n + M)|* = 0 for some n. Then equation (3.17)
forces v(n) = 0, which, by equation (3.16), forces [D(n + M)|* = 2.
In this case the component d(n) of F, in v = Y "' D(n)F, is 0,
that is, v has no component in the direction F,. This permits us,
for example, to select u to contain only low-frequency components
and v to contain only high-frequency components (see Example
3.10 below). We remark that when the high and low frequencies
are partitioned to some extent between the generators of a first-
stage wavelet basis, it is standard notation to take u to be the vector
containing the low frequencies (the low pass filter) and v to be the one
containing the high frequencies (the high pass filter). By convention,
the basis Bin Theorem 3.8 is ordered with the translates of v coming
first for reasons related to the iteration step in section 3.2.

This shows the appropriateness of the terms mother wavelet and
father wavelet. The advantage of generating first-stage wavelet bases
via two parents, as compared with bases generated by one parent as
in Lemma 3.3, is (as in biology) that more diversity is allowed in the
result.

Example 3.9
Let il = (+/2,1,0,1) and = (0,1, +/2, —1). Then

and

1 1 1
-z 4]
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Clearly A(0) and A(1) are unitary. By Theorem 3.8, {v, Ryv, u, Ryu}
is an orthonormal basis for ¢*(Z,). Computing as in Example 2.11,

u= @) =w; = %(2+«/§,«/_,—2+x/§,x/§),
and similarly
v = %(«/E, —V2 42,2, =2 — 20).
Of course,
Rou= -2+ V23,24 /3,2)
and
Ryv = %(\/E, —2 = 202, =2 + 20).

One can check the orthonormality of {u, Ryu, v, Ryv} directly.

Next we consider an example defined for general N, which is
designed to partition the high and low frequencies. Recall that the
high frequencies are the vectors F;, in the Fourier basis with m in
the middle of 0,1,...,N — 1, that is, near N/2, whereas the low
frequencies are those with m near 0 or N — 1.

Example 3.10
(First-stage Shannon basis) Suppose N is divisible by 4. Define
i, 0 € £*(Zn) by

a(n) = V2 ifn=0,1,... ——1orn—3N Wt1,...,N=1
1o 1fn—z,4+1 . —23—N—1
and
s | 0 ifn=0,1,. ..,Z—lorn_%,?*NJrl N -1
M= v2 1fn—ZZ,IZ+1 -2, 1.

Notice that at every n, either &i(n) = 0 or d(n) = 0, so equation (3.17)
holds, that is, the columns of the system matrix A(n) are orthogonal.
Also at each n, either fi(n) = +/2 and fi(n+N/2) = 0 or vice versa, so
(3.15) holds, that is, the first column of A(n) has length one for each
n. The same observation holds for 7, so the second column of A(n)
has length one. Thus A(n) is unitary for all n, so by Theorem 3.8,
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{Rok v}(N/Z) 'U U {Ryx u}(N/Z) "isa first-stage wavelet basis. We call this
the first-stage Shannon wavelet basis because it is similar to a basis
arising from something known as the Shannon sampling theorem
(see Exercises 5.3.2 and 5.4.17). Note that we have prescribed u and
v by their DFTSs; to obtain the actual values of u and v we must
compute the IDFTS of &t and 0. The resulting sums can be evaluated
in closed form (Exercise 3.1.8). We obtain

1

u(0) = v(0) = 7 (3.19)

and
_ ﬁ —inn/N Sil’l(%n)

u(n) = W@ W%), (320)
and

v(n) = %(—1)”6_1#”/ N—Ziﬁi (3.21)

N

forn=1,2,...,N —1.

Observe that v has |D(m)| = +/2 for the N/2 high frequencies
N/4 < m < (3N/4) — 1, and [p(m)| = 0 for the remaining N/2
low frequencies. Since v = N~' YN~ d(m)F,,, this means that v
contains no frequencies in the lower half of the frequency scale.
The translates Ryv have the same property because of Lemma 2.13.
In the same way, u and its translates have have no frequencies in
the upper half of the scale. Thus in the representation

(N/2)—1 (N/2)—1
z = Z (2, Rk V) Roxv + Z (z, Royru)Roru,
k=0 k=0

for z € £*(Zy), the higher half of the frequencies in z are contained
in the first sum whereas the lower half are contained in the second
sum.

Sometimes it is advantageous to have an orthonormal basis
consisting entirely of real-valued vectors. For example, suppose the
signals z that we want to expand are all real-valued, as is often
the case in applications (e.g., audio or visual signals). If the basis
elements are real also, then the coefficients in the expansion of z
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will be real because they are the inner products of z with the basis
elements. Thus in this case we would know that we could store
the components of z in this basis as a real vector. This simplifies
computation and saves space in the computer memory because
complex vectors are stored as pairs of real vectors.

Note that the Shannon basis in Example 3.10 is not real valued. By
Corollary 2.16, a vector z is real valued if and only if its DFT satisfies
the symmetry condition z(m) = z(N — m) for every m. Looking at i,
we see that this condition is satisfied form = 0,1, ..., (N/4)—1 and
for m = (3N/4)+1,...,N — 1, where both values are V2, and for
m = (N/4)+1,...,(3N/4) — 1, where both values are 0. However,
the condition fails for m = N/4 (equivalently, m = 3N/4) because
i(N/4) = 0 and #(3N/4) = +/2. A similar observation holds for v.
However, we can modify &t and 0 at these values in such as way as
to obtain the symmetry condition (hence u and v will be real) while
still satisfying the conditions of Theorem 3.8.

Example 3.11
(First-stage real Shannon basis) Suppose N is divisible by 4. Define
Z’/\l, De ZZ(ZN) by

V2 ifn=01,..., Y —1orn=3841... N-1
) i ifn=1%
un) = 3

—i ifn=3=

T _ N 3N
0 lfVl—z‘{’l,...,T—l,
and

0 ifn=01,....,.5—1lorn=C4+1... N-1
~ . __ N __ 3N
vn)=4 1 1fn_zorn_7

V2 ifn=%41. ¢ 1

Note that at N/4 or 3N/4, 0(N/4) = D(3N/4) because both are
1, whereas @i(N/4) = i = —i = #i(3N/4). At the other values, 1t
and v agree with the Shannon basis and hence satisfy the symmetry
condition. Thus u and v are real-valued vectors. Also at n = N/4, the
system matrix is

1 [i 1
A(N/4):E[_i 1]
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which is unitary. (Note that, given our choice of 7, we were forced to
take i pure imaginary at N/4 and 3N/4 to obtain both the symmetry
condition and the property that the matrix is unitary.) At other
values, the system matrix is the same as for the Shannon basis, and
hence is unitary. Thus by Theorem 3.8, {Rzkv}g/oz)fl U {Roru gi/oz)fl
is a first-stage wavelet basis such that u and v are real valued. It
follows that all the basis elements are real valued because they are
translates of u and v.

Note that the high and low frequencies are still partitioned
between u and v, as in Example 3.10, except that there is an overlap
when n = N/4 or 3N/4.

Here it is relatively difficult to write closed-form expressions for u
and v. In practice, for a specific N, one would use an IDFT program
to compute u and v and store them for future use. The graphs of
R3,u and R3,v in the case N = 64 are shown in Figure 11 (we used
translates by 32 to center the graph in the range 0 < n < 63).

Similarly Figure 12 shows the graphs of Ryseu and Rjs6v in the
case N = 512. Note that these functions are relatively localized
around their center points (32 in the case N = 64 and 256 in the case
N = 512). This may be surprising, because we did not specifically
arrange for this. However, we should expect v to have its maximum
at 0 (and hence Rys6v, in the case N = 512, to have its maximum at

FIGURE 11 (a) Ryu, (b) Rav
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256) because, by Fourier inversion,

N—1

1 ~ 2mimn/N
vnmn) = — v
() = 5 2 bome ™™™,
m=0
SO
1 N-1
v(0) ==Y _d(m).
N m=0

Since v(m) > 0 for all m in this case, the sum giving v(0) has no
cancellation. For n # 0, the sum giving v(n) has cancellation, and
so will give a smaller value than v(0). The functions e*™™"N are
lined up so as to agree at n = 0. As n moves away from 0, the
exponentials become less aligned, until eventually they are more or
less independent. This means the terms in the sum tend to cancel
out, resulting in small values of v(n) for n far from the center point.
Notice also that Y2 v(n) = 9(0) = 0 by construction, which
explains why v seems to have equal positive and negative mass.
However, >~ u(n) = #(0) = /2, so u has more positive than
negative mass.

Note that Rsz,v in Figure 11b appears to be symmetric around
n = 32. This can be deduced from Exercise 2.1.12 (i): v is symmetric
around 0 because ¥ is real. Similarly, u is not symmetric around 0
because #i is not real, hence (as we can see in Figure 11b), Rzu is
not symmetric around n = 32. Similar remarks hold for Figure 12.

Because 2 x 2 unitary matrices are easy to characterize, Theorem
3.8 can be used to describe all first-stage wavelet bases explicitly (see
Exercise 3.1.6). Later we will find the following result very useful. It
says that every potential father wavelet u has a companion mother
wavelet v such that u and v generate a first-stage wavelet basis.

Lemma 3.12 Suppose M € N, N = 2M, and u € ¢*(Zy) is such that
{RZku}ﬁ/I:_o1 is an orthonormal set with M elements. Define v € €*(Zy) by

v(k) = (=) u — k) (3.22)

for all k. Then {Rzkv}f:_o1 U {Rzku}ﬁ/[:_ol is a first-stage wavelet basis for
C(ZN).



3.1. Construction of Wavelets on Zy: The First Stage 18]

0.8

0.2 —

o MAA I

P

—o.2} -

—0.4a- —

—_o.8 L L L L L L L L L L

@

o.8 T T T T T T T T T T

0.6 —

0.2 —

A

o vAvV YW

—o.2 -

—_o.al- -

—o.8 L L L L L L L L
o 50 100 150 200 250 300 350 400 450 500

()

FIGURE 12 (a) Ryseu, (b) Rysev

Proof
Using relation (3.22) and the substitution k =1 —n,

N—1 N-1
ﬁ(m) = Z v(n)@*zm'mn/N — Z(_l)nflmefzmmn/N
n=0 n=0
N—1
— Z u_(k)(_1)—ke—2nim(1—k)/N
k=0

N-—1
— efzm'm/N Z @(67in)7k62nirnk/N

k=0
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N-1
_ 6—2mm/N§ :u(k)e—zm(erM)k/N — e_z’”WNﬁ(m + M).
k=0

Therefore

ZmM/N me/N ~ (

—¢ —2im/N~ A(

m) = m),

since 2M = N, so that #(m + 2M) = u(m + N) = #u(m) and

e 2mM/N — =it — _1 Hence

[D(mM)> + [D(m + M)|* = |i(m + M)|* + |a(m)]* =

form =0,1,...,M — 1, by Lemma 3.6 and the orthonormality of
{Rzku}ﬁ/fz_ol. Thus equations (3.15) and (3.16) hold. Finally

L(m)D(m) + f(m + M)d(m + M)
= 0(m)e”™™ Nii(m + M) — f(m + M) Nii(m) = 0,

which is equation (3.17). By Theorem 3.8, the pair u, v generates a
first-stage wavelet basis for €*(Zy). [ |

Suppose B = {Ryv}i,' U {Ryuly, is a first-stage wavelet basis.
By Lemma 1.106 i, the B to E change-of-basis matrix is the matrix
U with column vectors v, Ryv, ... Ry_»v, U, Ryu, ... Ry_pu, in that
order. Since B is orthonormal, U is unitary (Lemma 1.105), so the E
to B change-of-basis matrix is U~ = U*. However, computing [z]z by
multiplying out U*z directly is slow, requiring N? multiplications.
To compute this change of basis quickly, we should use the fact that
the coefficient of Ry in the expansion of z is (z, Ryxv) = z * D(2k)
and similarly for u. Thus

Z % D(0)
7% D(2)

z% (N — 2)
Z % i1(0)
Z % U(2)

(3.23)

i z*a(ﬁ—Z) i
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We can represent the calculation of this vector as the result of two
convolutions of z followed in each case by the operation of throwing
out the odd-indexed entries.

Definition 3.13  Suppose M € Nand N = 2M. Define D : ¢*(Zy) —
0%(Zy) by setting, for z € £*(Zy),

D(z)(n) =z(2n), for n=0,1,... M—1.
The operator D is called the downsampling or decimation operator.
In other words, if z = (2(0), z(1), z(2), 2(3), . .., 2(N — 1)), then

D(2) = (2(0), 2(2), 2(4), . .., 2(N — 2)).

The downsampling operator is often denoted | 2 in diagrams. The
calculation of [z]p is represented in Figure 13.

This is a simple example of a filter bank. A general filter bank
is any sequence of convolutions and other operations. The study
of filter banks is an entire subject in engineering called multirate
signal analysis, or subband coding. The term “filter” is used to denote
a convolution operator because such an operator can cut out various
frequencies if the associated Fourier multiplier is 0 (or sufficiently
small) at those frequencies.

We have seen that we can compute the E to B change of basis
quickly. What about going the opposite way, computing the B to E
change of basis? Of course, this can be obtained by multiplying by
the matrix U, but multiplying by an N x N matrix is slow. There is
a fast procedure based on the filter bank approach.

z % D(0) _ -
Z%D z% D(2) z*z_)(O)
£ 12 b~ D)= . z*V(2)
BN —2 5
L 2%V —2) L I
Z z % (0)
2% 5(0) 2+ (2)
Z%0 ~ zxi(2) :
*il 12— D)= . L z*u(N-2) |
L z#@(N~2)

FIGURE 13
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Definition 3.14  Suppose M € Nand N = 2M. Define U : £*(Zy) —
*(ZN) by setting, for z € £*(Zyy),

| z(n/2) ifniseven
v = { 0 if nis odd.

The operator U is called the upsampling operator. It is denoted 1 2.

The upsampling operator doubles the size of a vector by inserting
a 0 between any two adjacent values. For example, if

z=(2,5 —1,1)
then
U(z) = (2,0,5,0,—1,0,1i,0).

Note that if we upsample and then downsample, we get back what
we started with, that is, D(U(2)) = z for any z. However, if we
first downsample and then upsample, we throw away the odd-index
values and then put them back in as 0s. Thus the composition U o D
has the effect of zeroing out all the odd-index values, and hence is
not the identity. By comparing U o D with equation (3.9), we see that

UoD(z)= %(z + z). (3.24)

This example shows that, unlike the case of square matrices in
Exercise 1.4.12 (ii), a one-sided inverse is not necessarily a two-sided
inverse.

To regain z from the output of the left filter bank in Figure 13,
we follow up with a right filter bank as in the right half of Figure 14.
Here s,t € £*(Zy) are unknown.

The output of the top branch of Figure 14 is f * U(D(z * 1))
and the output of the lower branch is § % U(D(z * i)). Lemma 3.15
gives conditions under which the sum of these outputs is always
the original input z. When this happens we say we have perfect
reconstruction in the filter bank. Note that we do not necessarily
assume the conditions of Theorem 3.8. Thus we have a more
general result about filter banks that do not necessarily correspond
to orthonormal bases. Although we will not pursue this further here,
this more general case leads to a generalization of orthonormal
wavelets called biorthogonal wavelets.
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z%9 D(z *7) U(D(z * ) | ExUD(z*D)
*V 12 +2 xf
?
2z —— S —v =2z
i Zxil .2 D(z * @) +2 U(D(z * 1)) o5 5% U(D(z % 1))
analysis phase synthesis phase
FIGURE 14

Lemma 3.15 Suppose M € N, N = 2M, and u, v, s,t € £*(Zy). For
n=0,1,...,N —1, let A(n) be the system matrix (Definition 3.7) for u
and v. Then we have perfect reconstruction in Figure 14, that is,

txUD(z*0)+8*xUD(z*U) =2z
for all z € €*(Zy), if and only if
sm ][ V2
A(”)[ i) ] _[ 0 ] 5:25)
foralln =0,1,..., N—1. Inthe case that A(n) is unitary, this simplifies
to t(n) = D(n) and §(n) = a(n). If A(n) is unitary for all n (equivalently,

by Theorem 3.8, if {Rzkv}ff:_o1 U {Rzku}ii_ol is an orthonormal basis for
2(ZyN)), thent =D and s = ii.

Proof
By equation (3.24),

~ 1 - ~
UD(z*D) = 5 (zx D+ (zxD)")

and similarly with v replaced by u. Hence, as in the proof of the
equivalence of equations (3.17) and (3.18),

~ ~ 1 A ~ - A ~o . A~
(U(D(z % 1)) (n) = 5 (z(n)v(n) +2(n+ M)o(n + M)) :
for any n, and similarly with v replaced by u. Therefore,
[[+ UD(z % D)) + § x U(D(z * )] "(n)

— i) % (2(@@ +2(n + M)d(n + M) )
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+ﬁ§ (20 + 200 + Mya(n +10) )
l m———= —\ .
=3 (t(n)v(n) + S(W)M(Vl)) z(m
+5 (100000 +30) + F00R0 +30) 200+ ). (3.26

By Fourier inversion, we have perfect reconstruction if and only if,
for all n and z € ¢*(Zy), each expression in equation (3.26) agrees
with Z(n). We claim that this holds if and only if

S)a(n) + t)d(n) = 2 (3.27)
and
S()ii(n + M) + t(n)d(n + M) = 0. (3.28)

To prove this, substituting in equation (3.26) shows that equations
(3.27) and (3.28) are sufficient conditions for perfect reconstruction.
Conversely, if we assume perfect reconstruction, fix n and pick z
such that Z(n) = 1 and Z(n+M) = 0. Using the perfect reconstruction
condition for this z shows that equation (3.27) holds, whereas
considering another z with 2(n) = 0 and 2(n + M) = 1 implies
equation (3.28).

By dividing by +/2 and rewriting equations (3.27) and (3.28) in
matrix notation, we get equation (3.25).

In the case that A(n) is unitary, A(n) is invertible and A(n)™! =

A(n)*, so solving equation (3.25) gives §(n) = i(n) and t(n) = D(n).
If A(n) is unitary for all n, then Fourier inversion and relation (3.3)
imply that s = % and ¢t = 7. |

In the case that {Rzkv}i\/fz_o1 U {Rzku}i/[:—ol is an orthonormal basis
for €*(Zy), there is a simpler proof (Exercise 3.1.13) that s = & and
t = v, but we have presented this more general result because of its
independent interest.

This tells us how we can reconstruct z using Figure 14, in the case
where u and v generate a first-stage wavelet basis. We take s = #
and t = ¥ (or equivalently, § = u and f = v). In particular, the
reconstruction step involves only two more convolutions and hence
can be computed rapidly.
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To put this another way, to compute the B to E change of basis,
input the first half of [z]z in the top portion of the right-hand part
of Figure 11 and input the bottom half in the bottom portion, with
f =vand § = u. The output will be [z]z = z.

So far we have found conditions that allow us to create
orthonormal bases for which the change of basis and its inverse can
be computed fast via convolutions using the filter bank diagram.
From the examples of the Shannon and real Shannon bases, we see
that we can get some degree of frequency localization with such a
basis, because v and its translates carry the high frequencies whereas
u and its translates carry the low frequencies. We have also seen by
experiment that we can obtain a fair degree of spatial localization as
well.

Next, we iterate this type of splitting. This gives us a basis that
naturally reflects different scales. The easiest way to understand this
iteration is in terms of the filter bank diagram, as we see in section
3.2.

Exercises

3.1.1. Letz,w, u, v € £*(Zy).
i. Prove that

(RkZ, RjW) = (Z, Rj—kw> = <Rk—jZ; w)r

for any k,j € Z.
ii. Prove that {]Rkw}fj:_()1 is an orthonormal basis for ¢*(Zy)
if and only if equation (3.6) holds.

iii. Suppose M € N and N = 2M. Prove that {Rzku}ﬁd:_ol is an
orthonormal set with M elements if and only if equation
(3.11) holds.

iv. Suppose M € N and N = 2M. Prove that equation (3.18)
holds if and only if (1, Ryxv) = O forallk =0,1,..., M—1.

v. Complete the following alternate proof of Lemma 3.6:
By Parseval’s relation (2.11) and Lemma 2.13,

1 N-—1 ) ‘
w’R W) = — w(m 627nmk/(N/2).
0, Ragaw) = 5 2 ()
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Write Y N"0 as S M7 4+ 3N"1 and replace m in the
second sum by m — M to write

1 = A 2 A 2\ omimk/M
(W, Rypw) = — (\w(m)| + |[@(m + M) )e :

2M =

Regard ‘LD(M)}Z + |[m + M)|2 as a vector in £?(Zy) and
apply Fourier inversion.
3.1.2. (The first-stage Haar basis) Suppose N = 2M, for M € N.
Define u, v € €*(Zy) by

(1 L 0,0 0)
u=\—= —=uY4u...,
V2' V2

and

1 1
v <\/§' ﬁ,0,0,...,O>.
i. Prove that {Rzkv}ﬁ/fz_o1 U {Rzku}iw:_ol is an orthonormal basis

for €%(Zy) directly from the definitions of u and v, that
is, not using the DFT or Theorem 3.8.

ii. Compute # and D. Check that the system matrix A(n)
(Definition 3.7) is unitary for all n.

iii. For z € £*(Zy), define

M—1

P(2) = Y _ (7, Raxtt) Rz,
k=0
and
M—-1
Q(2) = Y {7, Roxv) Rar.
k=0

By partiand Lemma 1.101 i, z = P(2) + Q(z). Prove that
form=0,1,... M—1,

P(2)(2m) = P(z)(2m + 1) = (2(2m) + z(2m + 1)) /2.

In other words, P(z) is obtained from z by replacing the
values of z at 2m and 2m+1 by their average. This can be
regarded as the vector z seen at a resolution of 2. Then
Q(z) is the “detail” needed to pass from a resolution of 2
to a resolution of 1.



3.1.3.

3.1.4.

3.1.5.

3.1.6.
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iv. For N = 8, suppose
z=(4,2,3,7,10,8,10, 14).

Find P(z) and Q(z). Then graph z, P(z), and Q(2).
Let u € ¢*(Z4) be such that &t = (1,+/2,1,0). Find some ?
such that {v, Ryv, u, Ryu} is an orthonormal basis for €?(Z,).
Suppose u, v € *(Zy).
i. Prove that

(ar R2ka> = <Ur RZkU-).

ii. Suppose M € N and N = 2M. Deduce from part i and
Exercise 3.1.1 that u and v generate a first-stage wavelet
basis for £*(Zy) if and only if & and ¥ do.

iii. Obtain the result in part ii from Theorem 3.8 instead.

Supposeu—(«/_ 2,4/2,0,0) and D = (0,0, v/2, v/2).

. Check that the system matrix A(n) (Definition 3.7) is the
identity, and hence is unitary, for n = 0, 1. Deduce that
{v, Ryv, u, Ryu} is an orthonormal basis for €%(Zy).
ii. Use the IDFT to compute u, v.
iii. Check directly (i.e., without using Theorem 3.8) that
{v, Ryv, u, Ryu} is an orthonormal set in €%(Zy).
Suppose M € N and N = 2M.
i. Let {r(n)}*- be real numbers such that

0<V(n)<\/§ forall n=0,1,..., M—1.

Let {Q(n)}n 0 {(p(n)}n 0 {G(n)}n 0 {p(n)}]}’\l/j 01 be real
numbers such that,ifn € {0,1,..., M—1}and0 < r(n) <

V2, then

O(M)+p(n)—p(n)—o(n)= (2k+1)r for some k= k(n) e Z.
(If (n) = 0 or r(n) = /2, then 6(n), p(n), a(n), and p(n)
are unconstrained.) Define i, D € ¢*(Zy) by setting

i) = r(m)e?™,  dn 4+ N/2) = /2 — (r(n))? 4,

D(n) =2 — (r(n)2e°™, and D(n+ N/2) = r(n)e”™
forn=0,1,... M — 1. Define u, v € £*(Zy) by u = (&)

and v = (0)”. Prove that {Rzkv}i/[:_ol U {Rzku}ﬁ/f:_ol is an
orthonormal basis for £*(Zy).
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3.1.7.

3.1.8.

3.1.9.

3.1.10.

ii. Prove that for any first-stage wavelet basis {Rzkv}ffz_o1 U
{RZkM}]X:_Ol , tand D are of the form stated in part i for some
real-valued r(n), 8(n), p(n), c(n), p(n),n=0,1,..., M—1,
satisfying 0 < r(n) < v2and0+p—¢—0 = 2k + D)x
for some k = k(n) € Z, foreachn =0,1,..., N —1. Hint:
By Theorem 3.8, this just comes down to parameterizing
2 X 2 unitary matrices.

Suppose M € N, N = 2M, z € £*(Zy), and w € £*(Zy). Prove

that

(D(2), w) = {z, U(w)).

Note that the inner product on the left side is in €*(Zy),
whereas the inner product on the right is in ¢(Zy).

Verify equations (3.19), (3.20), and (3.21). Hint: Change
summation indices so that each sum begins at 0, and apply
equation (1.5).

In the case N = 2M, with M € N, show that Theorem 3.8
implies Lemma 3.3 by applying Theorem 3.8 with v = Ry u.
Suppose M € Nand N = 2M. Let u, s € ¢*(Zy). Consider the
filter bank with only one branch shown in Figure 15. Prove
that no matter how u and s are chosen, this filter bank cannot
give perfect reconstruction.

Z*it D(z * i) voeErm | §% U(D(z * )

3.1.11.

*ii 12 t+2

FIGURE 15

(Generalization of Theorem 3.8 to ¢ functions) Suppose
¢ € N and ¢|N (recall this means that there exists g € Z
such that N = g¥¢).
i. Suppose z, v, w € £*(Zy). Prove that
N/6)—1
{Rsz gf:o)
is an orthonormal set with N/¢ elements if and only if

-1
Z 2(n+ kN/@){2 = { for all n.

k=0
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Also prove that
(ngv, job{)) = 0 for all j, k

if and only if

~

-1
O(n + kN/&)w(n 4+ kN/£) = 0 for all n.
0

Hint: Method 1: Prove that

—1 .
Z 6—27rinm/£ — 4 1f€|7/l
0 ife n.

m=0

>
Il

Hence

1 ifk=0andv=w
(v,Rgw) =vxwk)y=4 0 ifk=1,2 ..., (N/¥{)—1
orv #w

if and only if

—_

-1 .
1 —ominm/e.  ~ _ ) d(m) foralln,ifv=w
n;)e v*w(n)_{ 0 for all n, if v # w.

~

Take the DFT of both sides. Prove that

( g 2minm/ @)A(k) — ﬁ(k + mN/E)m.

Hint: Method 2: (compare to Exercise 3.1.1 (v)) By
Parseval’s relation (2.11) and Lemma 2.13,

(U, Regew )
1 N-—1
— N Z (m)eZmka/Nw(m)
m=0
1 =l o=
— N 62mlk(n+JN/€)/N'\(n +]N/E)LU(7’Z +]N/E)
j=0 n=0
_ ; (N/£)—1 ezmkn/(N/f)l ZX_I: f)(n +]N/Z)L7J(Vl +]N/Z)
(N/E) n=0 ¢ j=0

and apply Fourier inversion in €*(Zyyy).
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ii. Suppose ug, Uy, ..., Ug—1 € ZZ(ZN). Prove that

N/6)—1 N/6)—1 N/€)—1
{Rekuo}ézo) U {Rzkm}ézo) U-.-u {leué—l}}(qzo)

is an orthonormal basis for ¢*(Zy) if and only if the

matrix
[ 1:40(”) 1:41 (M) L}e—l(n)
) Up(n + D) h(n+ ) v U (nt D)
7 Mo(n—*—% ul(n—i-% Mg_l(n‘*’%
] . . .
| o+ S i+ PNy e (n+ P

is unitary foralln =0,1,...,(N/¢) — 1.
3.1.12. (Two-dimensional case of Theorem 3.8) Suppose M;, M, €
N, N; = 2M; and N, = 2M,. Recall Exercises 2.1.15, 2.1.17,
2.2.18, and 2.2.19 as background for this problem.
i. Suppose z € €*(Zy, X Zy,). Define z*,z**, and z
0*(Zy, X Zn,) by

z5(ny, my) = (—1)"z(ny, ny),

z(ny, ny) = (=1)"z(ny, ny),

ook
S

and
2%, ny) = (=1)"2z(ny, ny).
Prove that
z(ky, k2) + 2" (ky, ko) + 2% (ky, ko) + 2% (ky, k2)

| 4z(ky, ky) ifkjand k; are even
1o if k; or ky is odd.

ii. Let ug, uy, Uy, uz € €%(Zn, x Zy,). Let A(ny, ny) be the
matrix whose m" column (m = 0,1, 2, 3) is

ﬁm(”ly Vlz)
1 ﬁm(nl + %y ny)
2 Um(ny, ny + %)
ﬁm(ﬂl + %, ny + %)

Prove that

{RZkl 2k, U0 } 0<k, <M;—1,0<k, <M;—1
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iil.

U {RZkl/Zkzul }0§k1§M1—1,0§k2§M2—1
U {R2k1r2kzu2}ogklng—l,ogkngz—l
U {R2k1r2kzu3}05kl <M;—1,0<k, <M, —1

is an orthonormal basis for ¢*(Zy, x Zy,) if and only if
A(ny, ny) is unitary for all n; = 0,1,...,(N;/2) — 1 and
n2=O,1,...,(N2/2)—1.
(First-stage product wavelets for the two-dimensional
case) The easiest way to generate a basis of the type in
part ii is to form product wavelets. Suppose {Ryxv1 }fj;gl U
{RZkul}g;gl} is a first-stage wavelet basis for EZ(ZNJ and
{Rzkvz}kNigl U {Rzkuz}fjgl is a first-stage wavelet basis for
0*(Zy,). Define

wo(n1, ny) = v1(M)v2(n2),

wi (N, n2) = up (M)v2(n2),

wr(ny, nz) = v1(M)uz(n2),

and
ws(ny, ny) = up(ny)ua(ny).
Prove that
{Rzzq,zzczwo}khk2 U {Rok, 2k, w1 }kl,kz
v {RZkthsz}kl,kz U {Rzzc],zkzws}khkz

is an orthonormal basis for £%(Zy, x Zy,), where in every
case k; runs from 0 to M; —1 and k, runs from 0 to M, —1.
Hint: The easy way to do this is to notice that

Rog, ok, Wo (11, 12) = Rog, v1(11)Rox, v2(12),

and similarly for w,, w,, and w3. Then the result follows from
the general result about product bases in Exercise 2.1.16.
Another way, which is more difficult, but also instructive, is
to use Theorem 3.8 and part ii. Let A;(n;) be the system
matrix with u = u;,v = v;,n = n;, and M = M;, and
let A,(ny) be the system matrix for uy, vz, ny, and M,. By
assumption and Theorem 3.8, A;(n;) and A,(n,) are unitary
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3.1.13.

3.1.14.

for all n; and n,. Use this to show that the matrix A(n;, ny)
defined as in part ii, but with w; in place of y; forj = 0,1, 2, 3,
is unitary for all ny, n,.
We remark that not all orthonormal bases of the form in
part ii are product bases.
Suppose M € N, N = 2M, and u, v, s, t, z € £*(Zy).
i. Prove that

M—1
tx U(D(z % D)) = (2, RygV) Roxt
k=0
and
M—1
§x U(D(z x ) = (2, Roxut) RyxS.

»
Il

0

ii. Suppose {l?zkv}ivi_o1 U {Rzku}ﬁi_ol is an orthonormal basis
for €%(Zy)). Use part i to give a simple proof that we have
perfect reconstruction in Figure 14 if and only if s = @
and t = v. (Hint: Consider z = u or v.)

(Perfect reconstruction for two-dimensional filter banks)

Suppose M, M, € N, Ny = 2M; and N, = 2M,;. Define

the two-dimensional downsampling operator D : ¢*(Zy, X

Zn,) = €*(Zyy, x Zy,) by

D(Z)(kl, kz) = Z(Zkl, Zkz)

for k;, = 0,1,...,M; — 1,k; = 0,1,...,M, — 1, for any
z € L*(Zy, X Zy,). Define the two-dimensional upsampling
operator U : €*(Zy, X Zur,) — €*(Zn, x Zy,) by

z2(ky/2,k;/2) if k; and k; are even
0

U(2)(ky, kz) = { if ky or ky is odd.

Note that U inserts three zeros for every nonzero component
that it retains.
i. Suppose z € €*(Zy, x Zy,). Prove that

1
U(D(z)) = " (z+ z* + 2" + ),

with definitions as in Exercise 3.1.12 ().



Exercises 1 9 5

ii.

iii.

The basic filter bank in the two-dimensional case has
four branches, just as our first-stage wavelet basis as
in Exercise 3.1.12 (ii) has four generators. Suppose
Ug, Uy, Uy, U3, So, S1, S, 83 € KZ(ZN1 X Zy,). In the j™ branch
of the filter bank, with input z € (*(Zy, x Zn,),
we compute z * ;. Then we apply D. This is the
decomposition stage of the process. In the reconstruction
stage, we take the output of the j branch so far, namely
D(zx*1;), apply U, and convolve with §;, giving §;x U (D(z*
;)). We have perfect reconstruction if the sum of these
always equals z, that is, if

3
> & xUD(z * i) = z
j=0

for all z € €*(Zy, x Zy,). Let A(ny,ny) be the matrix

defined in Exercise 3.1.12 (ii). Prove that we have perfect
reconstruction if and only if

So 2
S 0
A(ny, ) i =1,
8 0

for all ny, n,.
The output of the decomposition stage in part ii is the
vector whose components are of the form

(z * ;) (2k1, 2ky) = (2, Rox, 21, Uj)

for k, = 0,1,...,M; — 1 and k;, = 0,1,...,M; — 1.
Suppose that A(ny, ny) is unitary for all ny, ny, so that
the set in Exercise 3.1.12 (ii) is an orthonormal basis
for €?(Zy, x Zy,). Then the output of the decomposition
stage is the vector whose components are the coefficients
in the orthonormal expansion of z with respect to this
orthonormal basis. Prove that in this case we have
perfect reconstruction if and only if s; = #; for j =
0,1,2,3.
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3.2 Construction of Wavelets on Zy:
The Iteration Step

So far we have constructed orthonormal bases for €*(Zy) of the form

N/2)—1 N/2)—1
(R0} 7 U Ry} (VDT (3.29)

which we call first-stage wavelet bases. Theorem 3.8 gives necessary
and sufficient conditions on # and » for such a collection to form
an orthonormal basis. As we see in Examples 3.10 and 3.11, we
can concentrate the high frequencies in the terms involving v in
relation (3.29) and the low frequencies in the terms involving u.
Thus some degree of frequency localization is obtained. As shown
by Figures 11 and 12, we also obtained some degree of spatial
localization. We saw that for a first-stage wavelet basis, the change
of basis can be computed via the filter bank scheme in Figure 13.
The inverse change of basis can also be computed by a filter bank
arrangement, namely the right half of Figure 14. These basis changes
can be computed quickly, because they are accomplished by a pair
of convolutions, which can be done via the FFT.

The filter bank arrangement in Figure 14 suggests a possibility
for iteration. Namely, on either or both of the outputs of the left side,
we can apply the same procedure again. We can pass the output of
either branch through two more filters, and downsample again in
each new branch. Similarly on the right side, we can pass the signal
from each of these two new branches through an upsampler and a
new filter. If the filters at this second stage are compatible, as at the
first stage, we will still have perfect reconstruction. Then we can
iterate. In principle we can iterate in any branch, but in standard
wavelet analysis we iterate in only one of the two branches from the
previous stage, normally the branch coming from the convolution
with the low pass filter u. (More complicated, adaptive iteration
procedures occur in something known as wavelet-packet theory.) In
this section, we study this iteration procedure, and in particular we
see that it corresponds to a certain type of orthonormal basis, which
we call a wavelet basis for ¢*(Zy). First we comment on why we
want to iterate.
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Consider the first-stage Shannon wavelet basis in Example 3.10.
Recall that u and v are chosen in this case to split the frequency scale
in half. But from music we know that it is more natural to consider
frequencies on a logarithmic scale, in octaves. This suggests that we
should leave the terms carrying the top half of the frequencies, but
that we should subdivide the frequencies in the lower half into two
equal parts, the lowest quarter of frequencies and the next quarter.
Then we could split the lowest quarter again, and so on. In this way
our basis decomposition could give us a more refined frequency
analysis of a signal.

Another motivation comes from considering the first-generation
discrete Haar basis in Exercise 3.1.2. In part iii of that exercise, we
split z into P(z) and Q(z), where P(z) corresponded to the terms
coming from the translates of u and Q (z) corresponded to the terms
coming from the translates of v. In part iv we saw that P(z) is obtained
by replacing z at adjacent values 2k and 2k+1 by the average of these
values. This can be regarded as viewing z evened out to a scale of
2 instead of at a scale of 1. This may be enough to determine the
general large-scale behavior of z, if the details at scale 1 that are
contained in Q (z) are not essential in our considerations. If we need
to consider only P(z), we have compressed our original data by a
factor of 2, because P(z) is determined by N/2 coetficients.

However, it may be that we can go further. Perhaps the type of
behavior with which we are concerned can be understood at a scale
of 4 or 8 or some larger number. Then we should be able to take our
approximation P(z) at scale 2 and split it into two parts, one being
the approximation at scale 4, the other being the detail needed to
pass from scale 4 to scale 2. We should be able to continue in such a
way that the data at scale 2 are determined by N/2° numbers. This
may, for example, allow us to transmit a rough approximation to a
signal very quickly, and then to add detail gradually as needed. If
we can determine early on that we do not need to look at the full
detail, we have saved time, energy, or both. This could be relevant to
a radar or sonar search, where our first concern is whether there is
anything there; if there is, we look more closely at details to identify
it.

This approach also gives us a natural notion of different scales
of behavior. This is important in many applications, for example in
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studying fluid flow such as ocean waves. Something that only shows
up when looking at the fine-scale terms of the expansion indicates
small-scale behavior, such as small ripples in a wave; the large-scale
terms might indicate the main wave.

To describe the iteration step, consider the filter bank diagram
in Figure 14, now denoting the filters in the left half as &; and 7,
instead of &t and v. Assume that u;, v, generate a first-stage wavelet
basis, that is, that the system matrix A(n) of u; and v; (Definition 3.7)
is unitary for all n. Lemma 3.15 states that for perfect reconstruction,
the filters in the right half of Figure 14 should be u; and v;.

Let the input of the diagram be some vector z € ¢*(Zy), where
N is even. For the second stage that we are about to describe, N
must be divisible by 4. The output of the left half of Figure 10, the
analysis phase, is the pair of vectors D(z * 01), D(z * ii1) € €*(Zny2).
We think of vy as corresponding to the high-frequency part, although
strictly speaking this does not have to be the case (in fact at this
point u and v are interchangeable). As suggested by our examples
above, we leave the vector D(z % D7) alone. However, we operate
on the other vector D(z * ;) in the same way we have done so far
with z. Namely, we pick two vectors uy, v; € €*(Zy/,) whose system
matrix (Definition 3.7 with N replaced by N/2) is unitary for all n.
We pass D(z * ti;) through the filters corresponding to v, and iy,
followed in each case by a downsampling operator. These, plus the
output of the top branch, become the output of our second-stage
analysis procedure. In other words the ouput is the set of vectors
D(z % 01), D(D(z * ty) * U2), and D(D(z * i) * Uiz). This is shown in
the left side of Figure 16.

D(z 1)

analysis phase synthesis phase

FIGURE 16
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For the synthesis, or reconstruction, phase, we need only to
introduce a new pair of branches on the right side corresponding
to the two branches on the left introduced at the second stage.
Each branch consists of an upsampling operator followed by a
convolution, namely with v, in one branch and with u; in the lowest
branch, as in Figure 16. We then add the outputs of these two
convolutions. By Theorem 3.15, the net effect of all the branches
introduced at the second stage is the identity. Thus by the results
for the first stage, the total effect of the entire diagram is the identity,
and we have perfect reconstruction.

If N is divisible by 27, we can repeat this process up to p times.
Each time we subdivide only the lowest branch, each time using
filters uy, v, satisfying the conditions of Theorem 3.8, to guarantee
perfect reconstruction. Figure 17 shows this process at stage 3. In
the analysis phase of this figure (the left half), each box represents
convolution of the incoming signal with the two filters, followed by
downsampling each result. For example, the output of the first box
is the pair D(z * 11), D(z * Ui;), similar to Figure 13. In the synthesis
phase, each box represents upsampling of the two incoming signals,
followed by convolutions with the two filters, as in the right half of
Figure 14.

We formalize this process with the following definition.

Definition 3.16  Suppose N is divisible by 27. A p™M-stage wavelet
filter sequence is a sequence of vectors uy, vy, Uz, Uy, . .., Uy, Uy SUch
that, foreach £ =1,2,...,p,

Ug, Uy € EZ(ZN/ZF—1)7

D %]
~2 _ uz

i3 U3

analysis phase synthesis phase

FIGURE 17
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and the system matrix

_ 1 U (1) Ue(n)
Adm) = V2 [ (m+15) Tu(n+5) ] (3-30)

is unitary for alln = 0,1,..., (N/2%) — 1.
For an input z € €*(Zy), define

X1 = D(z % Dy) € £4(Zn), (3.31)
and
y1 = D(z * ity) € L*(Zny2). (3.32)

Define x3,Ya, . - ., Xp, Yp inductively by

x¢ = D(Ye_1 * D) € £2(Zyyt) (3.33)
and
Yo = D(yo_1 * ily) € €3(Zy/0) (3.34)
fore =2,...,p.
The output of the analysis phase of the p™-stage wavelet filter bank
is the set of vectors {x1, X2, ..., Xp, Yp).

The recursion formulae (3.33) and (3.34) can be best understood
by considering the £ stage of the filtering sequence, as in the left
half of Figure 18.

Note thaty, y», . .., yp—1 do not occur in the output of the analysis
phase. For £ < p, y, is used only to define x,41 and yy4,. If we write

Xg—1

Xe_1 Xg—1
. X = D(Ye—1 * De)
% 2 Xt
Y1 —— -
*Up1 42 X1
Ye = D(ye—1 * te)
* fl[ ¢ 2
*ilgy {2 Ye+1

FIGURE 18
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out x, and y, explicitly, we obtain

Xp = D(D(- - -D(D(z % 7)) % Tiy) - - - *hg_1) % Dp) (3.35)
and

Yo = D(D(- - -D(D(z # 1) % T13) - - - *ilg_1) % ily). (3.36)

Notice that the sum of the number of components of all the

output vectors of the analysis stage is
N + N +- N + N + N N,
2 4 2v=t " oop oop
as expected.

The reconstruction phase can be described by the following
sequence of steps. At the first stage of the reconstruction, we
compute (U(yp)) * up, and (U(xy)) * v,. By the perfect reconstruction
property of the lowest block of the filter bank (the analysis and
synthesis phases corresponding to the filters v, and u,), we have

(Up)) * up + (U(xp)) * Vp = Yp-1-

Continue similarly with y,_; and x,_; to obtain y,—,. Then use y,_»
and x,_, to obtain y,_3, etc., as suggested by Figure 19.
Formally,

Yp—2 = (Uyp-1)) * Up—1 + (U(%p—1)) * Vp—1,
Yp—3 = (Uyp-2)) * Up—2 + (U(%p—2)) * Vp—2,

and so on until

U = (U(y2)) * uz + (U(x2)) * 2.

Xp—2

Xp—3 Xp-2
Xp-1
Xp-1 ? 12 *Up—1
Uxp)) > vp H— Yp-2
Xp 12 *Up
Yp-1 12 -
Up)) *up
U 12 *Up

FIGURE 19
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Then one more step yields the original vector z, that is,
z=(Uy) *w + (U(x1)) * 1.

We now consider the number of multiplications needed to compute
the output of the analysis phase of the wavelet filter bank sequence.
The reconstruction phase is computable in the same number of
multiplications (Exercise 3.2.4).

Lemma 3.17 Suppose N = 2", 1 < p < n, and uy,v1,uy, vy, ...,
Uy, vy form a p" stage wavelet filter sequence. Suppose z € L*(Zy).
Then the output {x,x;,x3,...,%,,Yp} of the analysis phase of the
corresponding p" stage wavelet filter bank can be computed using no
more than

4N + Nlog, N

complex multiplications. (We are assuming that the vectors Uiy, 0y, . . .,
i, U, have been precomputed and stored. We are determining only the
subsequent computation required for each z.)

Proof

We use the fact (Lemma 2.39) that the DFT of a vector of length 2*
can be computed using at most k28~! complex multiplications, via
the FFT. We first compute z, which requires

1
n2"t = EN log, N

multiplications. From now until the final step, we stay in the
frequency domain, that is, we work with the DFT at every stage.

At the first stage, we compute (z * ;)" = z0; (by Lemma 2.30
and equation (3.3)) via N multiplications, and similarly for (z * ii;)"
Now, instead of applying the IDFT to compute z * v; and then
downsampling, we apply Exercise 3.2.1 (i) to obtain ¥ = (D(z % ;))"
from (z * 0;) without any multiplications. Also define y; = D(z * i)
and compute Jj; in the same way. So we have obtained %, and 7; with
2N additional multiplications.

At the second stage, recall that x, = D(y; * 0y) and y, =
D(y; * Uly). Because we have already computed 3;, we can compute
(1 *2) = yla_z in N/2 multiplications, since these vectors have
length N/2. Then we use Exercise 3.2.1 (i) to do the downsampling
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on the transform side, yielding %,. We compute j, with N/2
multiplications similarly.

We continue in this way. Each step ends with a downsampling,
which reduces the size of the vectors by a factor of 2. The j™ step
yields a pair of vectors, x; and y;; ¥; is kept to the end, and y; is used
at the next stage to yield x;4; and yj;1. The j™ stage requires a total of
2(N/2~") multiplications. After p stages, we have %,%,, ..., &, and
Up, and altogether we have used

2 N+N+N+ + N 4N
_ — <
2 4 2r—1

multiplications for these stages.

To compute {x;, Xy, X3, ..., X, Yp}, we need to compute the IDFTs
of X1,%,..., %, and §,. Since x; € £*(Zyn/2); X2 € £*(Znsa), ... ;X €

A(Z8,,,); and y, € €*(Z,,,), this requires at most
1
(=12 4 (=22 et (= p)2'P + (0= p)2")
1
<n2"!' = ENlogzN

multiplications (see Exercise 3.2.3 for the proof of the inequality).
Thus the total number of multiplications is at most

2-%Nlog2N+4N=4N+Nlog2N. -

Thus this recursive filter bank procedure can be computed
rapidly, requiring only about two to three times as many multipli-
cations as the FFT for large N. If the filters uy, ..., up, v1,..., v, all
have at most K nonzero components, we can compute the output
of the analysis phase using at most 4KN multiplications (Exercise
3.2.12).

Although the recursive description in Definition 3.16 is useful
for computational purposes, it is not clear what it has to do with
our original intent of constructing orthonormal bases for ¢*(Zy).
There is an equivalent nonrecursive reformulation of our filter bank
structure, which gives us more insight and leads to orthonormal
bases. We begin with a lemma. To be clear about our notation, we
point out that when we write D(z) * w, we mean (D(z)) * w, not
D(z x w).
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Lemma 3.18 Suppose N is even, say N = 2M, z € KZ(ZN), and
x, Y, w € L*(Znyz). Then

D(z) *w = D(z * U(w)), (3.37)
and
UX)xU(y) = U(xxy). (3.38)

Proof
To prove equation (3.37), we note that w(m) = U(w)(2m) for each
m; hence,

(N/2)—1

D(z)*w(n)= Y D(z)(n— muw(m)
m=0
(N/2)—-1

= > z(2n - 2m)U(w)(2m)

m=0

N—-1
=Y z(2n - UW)(k) = z * U(w)(2n)
k=0

= D(zx Uw))(n),

since U(w)(k) = 0 at the odd values of k, so they can be added to the
sum on m with no change.
To prove equation (3.38), the fact that U(y)(m) = 0 if m is odd
and U(y)(m) = y(m/2) if m is even, shows that
N—1 (N/2)—1
U@ U@ = Y U©m—mUmm = Y U0 —2ky(k).
m=0

k=0

If n is odd, then so is n — 2k, hence U(x)(n — 2k) = 0 for all k. So in
this case,

U * U =0=U(x*y)(m),
by definition. If n is even, say n = 2¢, then U(x)(n — 2k) =
U(x)(2€ — 2k) = x(£ — k), so, from above,
(N/2)-1
U * Uy = ]Z; Xl = Ry(k) = xxy(6) = (U *y)(1).
= |
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When we write D(z), we mean the composition of D with itself
¢ times, applied to z. More formally, D! = D and, by induction,
we define DY(z) = (D o D" Y(2) for £ > 1. We define U‘(z) =
(U o U"1)(2) in the same way. Note that D° : ¢*(Zy) — (*(Z%,,)
is given by

Di(2)(n) = 2(2'n),
whereas U’ : (*(Z¢,,,) — €*(Zy) is given by

/Z -fZ
me={$”);yﬁ

Corollary 3.19  Suppose N is divisible by 2¢, x,y, w € €*(Zyyy), and
z € (*(Zy). Then

D'(z) *x w = D'(z x U'(w)), (3.39)
and

Ul(xxy) = U'(x) * U'(y). (3.40)
Proof
Exercise 3.2.5. ]

We now introduce a nonrecursive notation that will be seen to
be equivalent to the recursive notation in Definition 3.16.

Definition 3.20 Suppose N is divisible by 2P. Suppose vectors
Uy, V1, Uy, U, ..., Uy, Uy are given, such that, for each £ =1,2,...,p,

Uy, Uy € EZ(ZN/Zé—l).

Define fi = vy, and g1 = uy. Then inductively define f;, g € €*(Zy), for
{=2,3,...,p, by

fe=g1%x U™ () (3.41)
and
g0 =go—1 % U (w). (3.42)
Writing a few of these out, we see that

fz = U * U(Uz), 8y = Uy * U(l/tz),
fs =up * U(up) * U%(v3), g3 = up * U(uy) * U*(u3),
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and so on, with general terms

fo= 1wy % U(uy) * Ul(uz) % - - -U 2 (1) % U () (3.43)
and

g = up % U(ug) % Ul(uz) % - - U™ (we1) * U (uy). (3.44)

Note that all the convolution operations in the definitions of f; and
g¢ involve only u; filters, except for the last convolution in the case
of fp, which involves vy.

For future reference, we note that

fo = (@1 U7 W) = G % (U (00)) = &1 * U7 (@), (345)
by Exercise 3.2.2. Similarly,
8o =81 % U (@), (3.46)

The next lemma allows us to describe the output of the analysis
phase of a p™ stage recursive wavelet filter bank as a set of
single (nonrecursive) convolutions. It also allows us to describe the
reconstruction phase in a similar way.

Lemma 3.21  Suppose N is divisible by 27, z € (*(Zy), and
Uy, V1, ..., Up, Uy are such that

2
U, Vg € € (Linype—),

for each € = 1,2,...,p. Define x1,x3,...,%,Y1,Y2,-..,Yp aS in
equations (3.31)~(3.34), and f,f2,... fp, 81,82 -..,8 as in Definition
3.20. Then for£ =1,2,...,p,

x = D'z fp), (3.47)
and
ye = D(z % ). (3.48)

Proof

We prove equations (3.47) and (3.48) together by induction on £.
When ¢ = 1, equations (3.47) and (3.48) hold by equations (3.31)
and (3.32) and the definitions of f; and g;. Now suppose equations
(3.47) and (3.48) hold for ¢ — 1. By equation (3.33), induction, and



3.2. Construction of Wavelets on Zy: The Iteration Step 2()7

equation (3.39),

Xp = D(Ye—1 * D¢) = DD (z % 8o—1) % 00)
=DoD" Y(zxg_1 x U (Dy))
=D'(zx8_, * U (D) = D'z % f),

by equation (3.45). Similarly, using equation (3.34) in place of
equation (3.33),

Ye = D(Ye—1 * 1) = DD (2 % 1) * 1)
=DoD" N zxg_y * U™ (i)
= D (z %81 * U™ (@) = D(z % &),

by equation (3.46). This completes the induction step and hence the
proof. |

Thus the output of the £ branch of the analysis phase of the
filter bank sequence is D(z * fg), for£ = 1,2,...,p. The output of
the final branch is D”(z * g,). This is exhibited in the left half of
Figure 20.

There is a similar description of the reconstruction phase of the
filter bank sequence.

Lemma 3.22  Suppose N is divisible by 2”. Consider a p™-stage filter
bank sequence uy, vy, . . ., Uy, U, as in Definition 3.16 (except that we do
not require that the system matrix in equation (3.30) be unitary for this
result). Define fi, ..., f,, gy as in Definition 3.20. If the input to the et
branch (1 < £ < p) of the reconstruction phase (i.e., the branch for which
the next operation is convolution with vy) is xy, and all other inputs are
zero, then the output of the reconstruction phase is

fox US(xp).

If the input to the final branch (for which the next operation is convolution
with u,) is y,, and all other inputs are zero, then the output of the
reconstruction phase is

Ep * u? (Yp)-

Proof
Exercise 3.2.6. ]
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=D(z+f; U
*ﬁ L2 x (z * f1) r2 o fi*U(x1)
= Dz % f; fo* UY(x2)
o Vs [REEER ], R
=Dz *; fr % U3(x3)
3 Lg |2TDER 18 o |2 >
Z —— g— z
= DYz *f, Ut
*fg L2t ¥ =Dz *fe) rat o fox Ut(xe)
= % up
7 L e [, PREATED
L
=DP(z %@ 844
5 L Yo (z *8p) Y. 2 8p * UP(yp)
analysis phase synthesis phase
FIGURE 20

Thus the full recursive p™-stage wavelet filter sequence can be
represented by the nonrecursive structure shown in Figure 20.

Recall our original goal of constructing orthonormal bases
for €*(Zy). Recall also from Definition 3.16 that the output
of the analysis phase of our filter bank is the set of vectors
X1,X2,... Xp—1,Xp, Yp. By Lemma 3.21, foreach £ =1,2,...,p,

x(k) = DYz % f) (k) = z % fy(2°k) = (2, Ryrfy), (3.49)

fork=0,1,...,(N/2% — 1, by equation (3.4). Similarly,

yp(k) =DP(z % gp)(k) =Z* g—p(zpk) = (2, Rorgp), (3.50)
for k =0,1,...,(N/27) — 1. As we noted above, the total number
of components of x1,x;,... X,-1,%,,Y, is N. As one might hope, it

turns out (by Theorem 3.27) that these are the components of the
expansion of z with respect to an orthonormal basis.
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Definition 3.23  Suppose N is divisible by 2P, where p is a positive
integer. Let B be a set of the form

(N/Z) 1 }(N/4) 1 }(N/Z) 1 }(N/zp) 1

{Rafitico” U {Rafz U U{Ryify U {Rorkgy

for some fi, 2, ..., f», 8 € L*(Zx). If B forms an orthonormal basis for
02(Zy), we call B a p'™ stage wavelet basis for €2(Zy). We say that fi, f,
- fp, & generate B.

Our goal is to show that fi,f5, ..., f,, &, obtained by Definitions
3.16 and 3.20, generate a p™ stage wavelet basis. The key step is
contained in the next lemma.

Lemma 3.24  Suppose N is divisible by 2¢, gi—1 € €*(Zy), and the
set

(N/zf H-1

{Rat-118e—1hie (3.51)

is orthonormal with N/2°71 elements. Suppose ug, vy € X(Zy/a-),
and the system matrix Ag(n) in equation (3.30) is unitary for all n =
0,1,...,(N/2% — 1. Define

fe = go—1 * Uz_l(v[) and gy = gp—1 * Ue_](bt[).

Then

(N/Z) 1 (N/Z) 1

{Raeefely= U {Rokge o (3.52)

is an orthonormal set with N/2¢1 elements.

Proof
By equation (3.4) and the assumed orthonormality of the set (3.51),

ge-1%8e-1(27'K) = (ge—1, Ror-1xge—1)
1 ifk=0
- { 0 ifk=1,2,...,(N/2H —1. (3-53)
By Theorem 3.8, applied to EZ(ZN/Z) our assumption that A,(n) is
unitary guarantees that the set

N/Z 1 N/2¢ 1
{Ryv Y™ U (Rypug )™ (3.54)
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is an orthonormal basis for EZ(ZfV_/;). In particular, using equation

(3.4),

~ 1 ifk=0
Uy * Z’:tg(Zk) = (Ug, Rzkug) =0 forall k, (356)
and
~ 1 ifk=0
M@*Mg(Zk): (ug,Rzkug) = { 0 ifk=12 (N/Zz)—l. (3.57)

To prove the orthonormality of the set (3.52), use equation (3.4) to
write, fork =0,1,...,(N/2"1) — 1,

(fo, Roifo) = fo % fo(2°K)
=g * U (W) % 5y + U (@0)(2%)
= (ge—1 * Ze—1) * (U™ (ve x 00)) (2°K),
where we have used equation (3.45), the commutativity and

associativity of convolution, and equation (3.40). By writing out the
last convolution as bracketed, we have

N-—1

(o Rarfe) = D (8e1 % 812k = m)U ™ (we % D)().
n=0

Observe that U™ (v * D0)(n) = (v¢ * D¢)(j) when n = 2¢7Yj and 0
otherwise. Hence the sum over all n reduces to a sum over n of the
form 2¢71j, hence to a sum over j after a substitution. We obtain

(N/2871H—1

(o, Raf) = D) gem1 % 81 (2% = 27 ) (we % DO0).
j=0

By equation (3.53),

ge—1 % Ze1(2k = 271)
_ ~ —1 o _ 1 lf] = Zk
=81 ¥ 8272k =) = { 0 ifj % 2k j € Znypr.
Therefore

_ 1 ifk=0
e, Raafe) :(W*v‘f)(mz{ 0 ifk=1,2,...,(N/25)—1
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o
by equation (3.55). It follows that the set {Rzekﬁ}g/oz )1 is orthonor-
mal, as in Exercise 3.1.1.

Following the same procedure, but with g, in place of f;, leads to

~ 1 iftk=0
(8e) Rorge) = (ue * Ue)(2K) = { 0 ifk=1,2,...,(N/25—1

£y
by equation (3.57). This proves that the set {Rzzkgg}gi/oz) s
orthonormal.
Similarly, by equation (3.56), we obtain

(fe, Rorge) = (Ve * ) (2k) = 0

for all k. As in Exercise 3.1.1, this proves that (Ryfe, Ryejge) = 0 for
all j, k. Hence the set in relation (3.52) is orthonormal. |

This result can be proved by a DFT argument (Exercise 3.2.7).
Lemma 3.24 shows that we can break a subspace generated by
translates by 2¢7! of one vector into two orthogonal subspaces,
each generated by the translates by 2¢ of another vector. This is a
generalization of Theorem 3.8, which shows how to do this when the
original subspace is the whole space ¢*(Zy), regarded as generated
by all translates of §. The more general result in Lemma 3.24 allows
us to iterate this splitting. To describe this, the following terminology
is convenient.

Definition 3.25 Suppose X is an inner product space and U and V
are subspaces of X. Suppose U L V (ie., forallu € Uandallv € V,
(u,v) = 0). Define

UV ={ut+v:uelUveV}]L (3.58)
We call U @ V the orthogonal direct sum of U and V. In particular, if
we say Ud V = X, we mean that U and V are subspaces of X, U L V,

and every element x € X can be written as x = u + v for some u € U
andv e V.

Lemma 3.26  Suppose N is divisible by 2, g,_1 € £*(Zy), and the set

N/2071—1
{Ro-1x8e—1 }%:0 )

is orthonormal and has N/2¢71 elements. Suppose ug, vy € £2(Zy/oe-),
and the system matrix Ay(n) in equation (3.30) is unitary for all n =
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0,1,...,(N/2% — 1. Define
fg =gr-1 % UZil(Ug) and 8¢ = 8¢—1 * Ugil(ug).

Define spaces

V_g+1 = span {szflkgz—l}g/ozpl)il ) (3.59)
W_ = span {Ryfy} V27 (3.60)
and
V_, = span {Rzzkgg}g/ozl)*l ) (3.61)
Then
Voo ® W_g = V_gsr. (3.62)
Proof

By Lemma 3.24, every basis element Ryege of V_, is orthogonal to
every basis element Ry;f; of W_,. It follows by linearity that every
element of V_, is orthogonal to every element of W_,. This proves
that V_, 1 W_,. Next we claim that V_, and W_, are subspaces of
V_¢+1. To see this, note that, fork =0,1,..., (N/2%) -1,

Roykge(n) = ge(n — 2°%) = ge—1 % U™ () (n — 2°K)
N—1

=Y gea(n — 2k — m)U () (m).
m=0

Since U™ (ue)(m) = ug(m/2°71) if 2671 | m and 0 otherwise, the sum
over m reduces to a sum over m of the form 2°~j, and
(N/287 =1
Ryxge(m) = Y ge—1(n— 2"k — 2 ()
j=0
(N/271H—1
= Z ue(HR2-1 (21801 ().
j=0
Since this is true for any n, we have

(N/28H—1

Ryxge = w(})Ra1(4208e1- (3.63)
j=0
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In the same way, we obtain

(N/27H—1

RZ‘)ku = Z UEU)RZ[”(]{»Zk)ngl . (364)
j=0

Therefore Ryg, and Ry fr belong to V_,i1, because the right-
hand sides of equations (3.63) and (3.64) are linear combinations
of translates of g,_; by integer multiples of 27! that is, linear
combinations of basis elements of V_,,;. Thus the basis elements
Ryerge of V_y and Ryfr of W_, belong to V_,y;, and hence the
same is true for all elements of their spans. So V_, and W_, are
subspaces of V_,4;. However, we have seen that V_, and W_, each
have dimension N/2¢ so V_, @ W_,; has dimension N/2¢~!, which
is the dimension of V_, ;. It follows that V_, & W_; = V_4;. |

It may seem strange that we define the spaces V_;, with negative
indices. This is done partly so that the spaces will increase with
the index (i.e., V_y € V_;41) and partly to be consistent with the
notation we use later when considering wavelets on R.

Lemma 3.26 contains the main effort required to prove that the
output of the analysis phase of a p-stage wavelet filter bank system
with input z yields the coefficients of z with respect to a p™-stage
wavelet basis.

Theorem 3.27  Suppose N is divisible by 27, and uy, vy, uz, v, . . .,
Uy, Vp 18 a ph-stage wavelet filter sequence (Definition 3.16). Define fi,

fo,.. fp. 81,8, -..,8 as in Definition 3.20. Then fi,fs,...,fp, &
generate a p™-stage wavelet basis (Definition 3.23) for €*(Zy).

Proof

Our goal is to prove the orthonormality of the set in Definition
3.23. Given this, the fact that this set has N elements implies that
it is an orthonormal basis for €*(Zy). Since fi = vy and g1 = u,
Theorem 3.8 guarantees that the set {RZkfl}g/oz)_l U {RZkgl}gi/OZ)_l
is orthonormal. Then an inductive argument and Lemma 3.24

0y
show that the set {Rz%kﬁ};(fi/oz) ' is orthonormal for each ¢ =

1,2,...,p, and {Rzpkgp}gi/ozp)_l is orthonormal. Therefore, to obtain
the orthonormality of the full set, all that remains to be proved is

the orthogonality of elements in the different subsets. Consider first
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some Ry fy and some Rynify,, where we may assume m < £. Lemma
3.26 implies (with the spaces V_; and W_, defined there) that

Ryrfe €Wy SV g1 S+ CV_y,

and Ronif,, € W_,,. Also by Lemma 3.26, V_,, L W_,,, so Ryf; is
orthogonal to Rynf,,. Similarly, for any £ < p, any Ryyig, belongs to
V_, € V_; and hence is orthogonal to any Ryify € W_y. |

The best way to understand what we have done is in terms of
Figure 21, which shows the subspaces in Lemma 3.26. The arrows
represent containment. Beginning at the right, we break £?(Zy) into
orthogonal subspaces V_; and W_,. We keep W_;, but we break V_;
into orthogonal subspaces V_; and W_;. We keep W_,, and continue
with V_,. We keep going in this way until the p™ stage, where we
keep both W_, and V_,. We see in chapters 4 and 5 that this point
of view can be applied to develop wavelets on Z and R.

s e e e )

W_ops

E(Zy)

FIGURE 21

By equations (3.49) and (3.50), the output of the analysis phase
of the pM-stage wavelet filter bank in Figure 20 with input z is a set
of vectors whose components are the components of the expansion
of z with respect to the p™-stage wavelet basis in Theorem 3.27. In
particular, by Lemma 3.17, the wavelet coefficients are computable
by a fast algorithm.

For comparison with later work, we set the following notation.

Definition 3.28 Suppose N is divisible by 2P. Let uy, vy, ..., Uy, Uy be
a pM-stage wavelet filter sequence (Definition 3.16). Let fi, g1, . . ., for &
be as in Definition 3.20. Forj = 1,2,...,pandk =0,1,...,(N/2)—1,
define

Y_ix = Roxfj, (3.65)
and

ik = Ryig;. (3.66)
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Thus, in this notation, the pM-stage wavelet basis generated by
fi,f2, .-, fp, 8 (Theorem 3.27) has the form

T T A i T [
(3.67)

The elements of this orthonormal basis are called wavelets on Zy.

Note that in this terminology,

N/2)—1
V_j = span{p_x}\y (3.68)
and
N/2H)—1
W_; = span{y_firy (3.69)

We warn the reader that the term “wavelets” in general usage is
reserved for wavelets on R, which we consider in chapter 5. The
version here, which we have called wavelets on Zy, is our analog
for the finite-dimensional case. This case may have independent
interest, and it serves as the easiest introduction to the train of
thought in chapter 5.

Exercise 3.2.10 (ii) shows that the definition of the term “wavelet”
in Definition 3.28 is not very restrictive, but we let it stand for
heuristic reasons.

Summarizing our results, we have the following recipe for
creating a wavelet basis for £2(Zy).

Recipe 3.29  Suppose 2P|N. Let uy, vy, ..., U, v, be a ph-stage
wavelet filter sequence (Definition 3.16). Define f1, f2, ..., f, 81,82, - -, &
as in Definition 3.20, and y_;x, ¢, as in equations (3.65) and (3.66).
Then the set in equation (3.67) is a p™M-stage wavelet basis for €*(Zy).

It turns out that all wavelet bases for ¢*(Zy) are obtained from
some wavelet filter sequence by this recipe (Exercise 3.2.9).

We have seen that for any such wavelet basis, the components
of some vector z € £*(Zy) in this basis can be computed quickly (in
roughly N log, N multiplications, if N is a power of 2) via the analysis
phase ofthe filter bank diagram. The inverse transformation can also
be computed with the same speed via the reconstruction phase of
the filter bank diagram (Exercise 3.2.4).

It is sometimes useful to look at the wavelets on the DFT side.
By taking the DFT of both sides of equation (3.43) and (3.44), and
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applying Exercise 3.2.1 (ii), we obtain
Vjo(n) = fi(n) = ta (i) - - - &1 (WD () (3.70)
and
P—jo(n) = () = i (Mitz(1) - - - W1 (M (n). (3.71)
Note also that
V_jk = Rorfi = Rox¥—jo0 (3.72)
and
P—pk = Roxgp = Ryrk@—p,0. (3.73)
By Lemma 2.13, the DFTs of these translates are given by
Po(m) = e 0 (m) (3.74)
and
bojr(m) = e NG 0(m) (3.75)

for all j, k. To clarify our notation, we remark that 1,/\/_]"]( denotes
(¥—jx), and similarly ¢_;; denotes (¢_jx)"

So far we have not required any relationship between the filters
uy, ve at different stages. It may even seem that no relationship is
possible, because they are vectors of different lengths. However, the
next lemma provides a way of obtaining filters u, v, satisfying the
criterion that the system matrix A, in Definition 3.16 is unitary for
all n, directly from filters u;, v; satisfying this property for A;.

Lemma 3.30 (The folding lemma) Suppose N is divisible by 2, and
u € EZ(ZN)
i. Define u, € £*(Zy) by

Uy(n) =wu(n) +ug (n + %) . (3.76)

(Note that the right side of equation (3.76) is periodic with period
N/2.) Then for all m

fy(m) = iy, (2m). (3.77)
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ii. Suppose N is divisible by 2°. Define uy € ?(Zyyz—1) by

' kN
w() = > wu (n+ 2‘3_1> : (3.78)
k=0
Then
fie(m) = i (2" m). (3.79)
Proof
To prove part i, write
(N/2)—1
az(m) — Z uz(n)e—ZmHm/(N/Z)
n=0
(N/2)—1 (N/2)—1 N
= Z m(n)e‘Zm”W(N/Z)—I— Z n (Vl—i—?) e—Zm’nm/(N/Z)r
n=0 n=0

by definition of u;. In the first of the sums on the last line, let k = n;
in the second, let k = n + N/2. We obtain

(N/2)-1 N-1
7L, (m) = Z U (k)e—ka(Zm)/N + Z w (k)e—Zﬂlk(Zm)/N =1 (2m),
k=0 k=N/2

as required. Part ii follows from part i by an induction argument
(Exercise 3.2.11). |

We call this the folding lemma because u; is obtained from u; by
cutting u; just before N/2, folding that part over the first part, and
summing. It has the following corollary.

Corollary 3.31  Suppose N is divisible by 2P. Suppose u, v € €*(Zy)
are such that the system matrix A(n) in Definition 3.7 is unitary for
all n. Let uy = uand vy = v, and, for all £ = 2,3,... p, define
uy by equation (3.78) and v, similarly with v, in place of u;. Then

Uy, V1, Uz, Vo, ..., Up, VpiSa pM-stage wavelet filter sequence.
Proof
By equation (3.79), the £ system matrix is

ilg (7’1) f)g (Vl)

1
Ad”):ﬁ[az(m%) oz<n+5—z)}
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1 (2 D12 n) 01
= —| . N =A1(27 n);
FlLa 6oy 060y | =ae
hence it is automatically unitary for all n. |

Thus if we are given u and v satisfying the condition in Theorem
3.8, we can obtain u;, vy, ..., U, U, in an automatic way by Corollary
3.31, and then obtain a wavelet basis by Recipe 3.29. In this case
we say we have a wavelet basis with repeated filters. Note that for
repeated filters, equations (3.70) and (3.71) become, respectively,

Vi 0(n) = L(n)L2n)i(4n) - - - 12 )02 n), (3.80)
and
P—jo(n) = W(MU2N)a(4n) - - - 42 n)a(2 ). (3.81)

Wavelet bases of this type are particularly easy to construct because
they require constructing only one pair u, v such that the system
matrix is unitary.

Exercises

3.2.1. Suppose z € £*(Zy).
i. If N is even, prove that

N 1/, . N
(D()'(m) = 5 (z(n) +2 (n + ;)) ,

for all n. Hint: Show that the DFT on N/2 points of
D(z) agrees with the DFT on N points of (z + z*)/2, for
z*(n) = (=1)'z(n).

ii. Prove that

(U@) (m) = 2(n)

for all n. Note that the DFT on the left side is in £%(Zay),

whereas the one on the right is in £%(Zy). Nevertheless,

the assertion is that they (or their periodic extensions)

agree at every n. Hint: See equations (2.48) and (2.49).
3.2.2. Suppose z, w € £*(Zy).

i. Prove that (z % w) = Z * w.
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3.2.3.

3.2.4.

3.2.5.

3.2.6.

ii. Suppose that N is even. Prove that (D(z)) = D(2).
iii. Prove that (U(2)) = U(2).
Suppose 1 < p < n. Prove that

M—12""+m—=2)2" 2+ -+ (n—p+ 12" P!
+(n—p)2" P+ (n—p)2"P <n2".

Suggestion: Use induction on n.

Suppose N = 2", 1 < p < n. Prove that the reconstruction
phase of the p™ stage recursive wavelet filter bank
can be computed using at most 4N + Nlog, N complex
multiplications.

Hint: Asin the analysis stage, do everything in the Fourier
domain. To start, one needs to compute (U(x;)),, (U(x2)), - - -,
(U(x,))" and (U(yp))". But since x; € (€*(Zyyz), we can
use Exercise 3.2.1 (ii) to compute (U(x;))" with at most
((n — 1)2"1)/2 multiplications, and similarly for the other
vectors. Thus these require the same number of multipli-
cations as computing the IDFTS of &, %;,...,%,, and jj, in
Lemma 3.17. The multiplications required to compute the
DFTs of all the filtering operations is the same as for the anal-
ysis phase. The DFT of each U(y;) is obtained from g; with
no multiplications via Exercise 3.2.1 (ii). After this, we have
z, so to find z we perform the IDFT. So the total computation
count is the same as in Lemma 3.17.

Prove equations (3.39) and (3.40). Suggestion: Use induc-
tion.

Suppose N is divisible by 27, and u;, vy, ..., up,, v, are such
that, foreach £ =1,2,...,p,

2
Ug, Vg € L (ZN/Z‘H)-

Define fi,f2,... fp, 81,82, -..,8 as in Definition 3.20. For
€=1,2,...,p, and w € ¢*(Z¢,,), define

Ag(w) = (U - (UUW) *vg) * Up—1) - - -) * U) * Uy
and

Be(w) = (U(--- (U(U(W) * Ug) * Up—1) - - +) * Uy) * Ug.



220 3

Wavelets on Zy

3.2.7.

3.2.8.

3.2.9.

i. Prove thatfor£=1,2,...,p,
Ag(w) = UY(w) * f;
and
By(w) = Ul(w) * &e.

Hint: Note that A¢(w) = Be—1(U(w) * v;) and By(w) =
Be—1(U(w) * ug), and use induction.

ii. Prove Lemma 3.22. Hint: If x, is the input to the £%
branch of the reconstruction phase of the filter bank,
and all other inputs are zero, check that the output is
A¢(x¢). Similarly, if the input in the last branch is y,,, and
the other inputs are zero, check that the output is B, (y,).

Prove Lemma 3.24 by taking DFTs and using the criteria in

Exercise 3.1.11 (i). Hint: Write

20—1 20—1

D hARN/2917 = e (n+RN/25 P De(n+ RN/ 25,
k=0 k=0

using Exercise 3.2.1 (ii). Break up the sum into a sum over k
even and a sum over k odd. Note that because 0, has period
N/2'71 the terms involving ¥ are constant in each of these
two sums. Take the constant out and apply the assumptions
This will give the orthonormality of the set {Ryifi};_ (N/Z) "
Similar arguments deal with the remaining cases.

Suppose X is an inner product space, with subspaces U, V,
and W. Suppose U L V,U L W,and U@V = U @ W. Prove
that V.=Ww.

Suppose N is divisible by 27, and

{Rachtizy” YRaf2hizy” Y {Ruifpliz

is a wavelet basis for ¢*(Zy). Define

(N/Z) 1 (N/4) 1 (N/Z) 1 (N/Z”) 1

U{Rzl’kgp}

N/Z 1
W_; = span{Ryfe ) (N7 27—

fort=1,2,...,pand

N/27)—1
Vo, = span{Rzpkgp}( -
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Also define, for£ =1,2,...,p— 1,
V=W ®W_4 2@ - OW_, & V.

Prove inductively that there exist g, for £ =1,2,...,p — 1,
and ug, vy for€ =1,2,...,p, such that
i up, v € KZ(Zﬁ,/;) for each .
ii. The system matrix Ay(n) in equation (3.30) is unitary for
each n and £.
iii. i =v1,81 = uy.
iv. fo =ge—1 % Uz_l(ve) gz g1 % U (uy) for2 <€ < p.
v. V_, = span{Rzzkg(}k /291 fore=1,2,...,p—1.
Remark: This proves the assertion in the text that every
wavelet basis is obtained from a wavelet filter sequence via
Recipe 3.29.

Hint: For ¢ = 1, define v; = f1, and obtain u; asin Lemma
3.12, but with u and v interchanged. Then part i holds for
¢ =1, as does part ii, by Theorem 3.8. Then define g; = u;.
If we set

X1 = Span{Rzkgl}(N/Z) 1;
then by Theorem 3.8, W_; 1 X_; and
WX =0Zy)=W_ 1D V_1.

By Exercise 3.2.8, then, X_; = V_;, and part v holds for
¢ = 1. Now suppose the result is true for £ — 1. To prove
it for £, note that f; € W_, € V_,41. So by the induction
hypothesis (part v) for £—1, there exist coefficients vy (k), k =
0,1,...,(N/21) — 1 such that

(N/281H—1

fe= Z Ve(F)Ry-158¢—1-

k=0

This defines v, € ¢*(Z{;}) such that f; = g1 * U1 (vy).
From this and Exercises 3.2.1 (ii) and 3.1.11 (i), we get

. KN\ |7 . kN |*
8e—1 7’l+7 Vg Vl—i—?

261

2=

k=0

2
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3.2.10.

Break this sum into the terms with k = 2j and the terms with
k = 2j + 1. Since D, has period 2¢7!, the term involving 7,
is constant in each sum, with value |0,(n)|* in the first sum,
and value [D,(n + N/2%)|% in the second. Factoring these out
and applying Exercise 3.1.11 (i) to g¢—; leads to

N N
Uy Vl+?

This allows us to pick u, so that the system matrix A,(n) is
unitary for all n, by Lemma 3.12 with u and v reversed.
For ¢ < p, define go = g1 * U (w). Define X_, =
span{Rzzkgg}g/ozi)_l. (When ¢ = p, g, is already given.
Then u, can be obtained from g, in the same way that
vy was obtained from f;.) Then by Lemma 3.26, V_;4; =
X_¢ @ W_,. However, by definition, V_,11 = V_, ® W_,. By
Exercise 3.2.8, it follows that X_, = V_,. This completes the
induction.

i. Suppose N is a multiple of 2 and 1 < £ < p. Suppose
f € €*(Zy). Prove that there is a p™-stage wavelet basis
such that f; = f (notation as in Definition 3.23) if and
only if the set {Ryef }gfi/ozl)*l is orthonormal. Hint: The
“only if” direction is immediate. To prove the “only if”
direction, let X :f and forj=1,...,¢, define

) J_q N ) 1/2
EJ'(”):<EZ f(n'i‘?) )
(N/25H-1

k=0
Note that ¥; has period N/2. If {Ryfhi, is
orthonormal, then by Exercise 3.1.11 (i), X,(n) = 1 for
all n. Define uy, ..., uy— and vy so that &t = %;_,/%;,j =
1,2,...,£—1,and 0, = X,_,/ %, when the denominators
are not 0. (Note that when the denominator is 0, the
numerator must be 0 also. In this case define the fraction
to be 1.) Note #; is periodic with period N/2~! and 0, has
period N/2¢~1. Check that

2

lDe(m)” + =2.

2(0)|* + [(n + N/2)* =2
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3.2.11.
3.2.12.

for all n, and similarly for v,. This allows us to select
V1,02, .., V-1, Ue such that the system matrix A;(n) is
unitary for all j = 1,2,...,¢, by Lemma 3.12. We can
select any admissable filters w41, Veq, ..., Uy, vp and
obtain a wavelet basis as in Theorem 3.27. Note that our
definitions give us, using equation (3.70) and Exercise
3.2.1 (ii), that

by cancellation. But ¥, = f by definition, and ¥, = 1
as noted above. (Note that if X;(n) = 0 for some j and n,
then f(n) =0, and at least one Xx_;(n)/Zx(n) is 0, so we
still have the equality in this case.)

ii. Suppose N = 2". Prove that if f € ¢*(Zy) has |f|| = 1,
then there exists an n'-stage wavelet basis such that
fn = f. This means that, by our rather weak definition of
the term, every vector of length one is a wavelet.

Prove Lemma 3.30, part ii.

Suppose N is divisible by 27, and uy,vi,uz, vz, ..., Up, Up

is a pM-stage wavelet filter sequence such that, for each

¢ =1,2,...,p, both u, and v, have at most K nonzero
components. Prove that components of z € (*(Zy) with
respect to the corresponding wavelet basis can be computed
using at most 4KN complex multiplications. Hint: Compute
everything directly, not using the DFT. Each component
of each convolution requires at most K multiplications to
compute because the filter has at most K nonzero entries.

In the recursive filter bank structure, one needs to compute

two convolutions of length N, two of length N/2, two of

length N/4, down to two of length N/27.

Remark: This shows that the wavelet transform for the
case of bounded filter length can be computed in at most
a fixed multiple of N multiplications, which is faster than
the FFT! However, comparing to Lemma 3.17, this is an
advantage only if 4KN < 4N + Nlog, N, that is, if K <
14 (1/4)log, N. For example, if all the filters have at most
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3.2.13.

3.2.14.

four nonzero entries, this requires N > 2!2 before this
yields an advantage. However, if all the filters are real
valued and z is real valued, then all these multiplications are
real multiplications, which correspond to 1/3 of a complex
multiplication (Exercise 2.3.1).

(Tteration in the two-dimensional case) Suppose 2¢|N; and
2'|N,. Suppose that for each £ = 1,2,...,p, we are given
U0, Ue 1, Ug o, Ur s € L2(Zn, =1 X L, pe—1). For € =1,2,...,p,
define A,(n1,ny) as in Exercise 3.1.12 (ii) except with ug,
in place of u,,, m = 0,1,2,3, N;/2* in place of N;, and
N,/2% in place of N,. Suppose that for each ¢, n;, and ny,
A¢(m, ny) is unitary. (Such a sequence of filters is called
a two-dimensional wavelet filter sequence). Define fi, =
U, fi1 = U1, fip = w12, and g1 = u; 3. Inductively define
foj = ge—1%U" Y(ugy), forj = 0,1,2and go = go—1 * U (ur 4).
Define, for£ =1,2,...,p,

2

By = U{Rz‘fkl,Z‘szé,j}lq:0,1,...,(N1/2‘)—1,kzzo,l ,,,,, (N,/2)—1-
j=0

Also define
Cp = {Rovk,, 205,801 =0,1,..., (N1 /27)—1,ks=0,1,...,(N3./27)—1 -
Prove that
ByUB,U---UB,UG,

is an orthonormal basis for €*(Zy, x Zy,). Such a basis is
called a two-dimensional (discrete) wavelet basis.
(Folding lemma in two-dimensions)
i. Suppose N; and N, are even, and u; € EZ(ZNl X 7n,)-
Define uy € €%(Zn, /2 X Zn,/2) by

Ny
Uz(ny, nz) = uy (M, ) + (7’11 + X 712)
N,
+u (7’11; ny + 7)

u n n .
1 1 2 ) P2 2
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More generally, suppose 2P|N; and 2P|N,. Define u, €
KZ(ZNI/ZKH X ZNZ/Z['71) forl <¢<pby

e A
ki Ny ka N
wimry = 3w (o 55+ 5.

k=0 ky=0
Prove that
~ _ N 2[—1 2[—1
Ug(my, my) = u1 (27 "y, my),

forall£=1,2,...,p.

ii. Suppose 2P|N; and 2P|N,. Suppose ujg, Ui, U2, and
uy 3 are such that the matrix A;(n;, ny) (defined as in
Exercise 3.2.13) is unitary for all (ny,ny) € Zn, X Zy,.
For £ = 2,...,p, define ug, ug1, ug2, and u, 3 as in part
i but with u,; in place of u,, for eachj = 0,1, 2, 3. Prove
that A,(m, ny) is unitary for all ¢, ny, and ny; that is, the
resulting u,; forj = 0,1,2,3 and £ = 1,2,...,p form a
two-dimensional wavelet filter sequence.

3.3 Examples and Applications

We summarize our algorithm for constructing wavelet bases for
0*(Zy). Suppose N is divisible by 2. We begin with a wavelet filter
sequence Uy, Uy, Uz, Uz, . . ., Uy, Uy, thatis, (Definition 3.16) a sequence
such that foreach £ =1,2,...,p,

Ug, Vg € EZ(ZN/ZH),

and the system matrix

1 By (1) V(1)
A(n) = ﬁ[ U (n+5%) ve(n+%) ]

is unitary forn =0,1,..., (N/2% — 1 (equivalently, for all n). If we
have u;, vy € £*(Zy) such that A;(n) is unitary for all n, we can obtain
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a wavelet filter sequence with repeated filters by defining
211 21
kN kN
Mg(l’l) = Z u (n + 25—_1) and Ug(n) = Z (n + F)

k=0 k=0
(3.82)
We then define (Definition 3.20) fi = v;, 81 = u;, and, by induction,
for2 < ¢ <p,

fo = goe—1 * UE_I(UZ), and gy =gp—1 * Ue_l(ug). (3.83)
More explicitly, this gives equations (3.43) and (3.44). We define
l/f_j,k = szkﬁ and Q_jk = Rzzkg]-, (3.84)
forj=1,2,...,p. Then
{llf 1 k} U {W 2 k} {w—p k} U {(p—p k}

is an orthonormal basis for £?(Zy), called a p™"-stage wavelet basis.
Notice that if we have a p™-stage wavelet basis and 1 < j < p,
then

(N/Z) 1 (N/4) Ly (N/Z) 1 (N/Zp) 1

j
(U{l/f—e,k}ogkg(z\f/zl)—1> U {GD—)',k}ogkf(N/zJ)—l (3-85)
=1
forms a j-stage wavelet basis. In fact this basis is exactly
what we would obtain from the j™-stage wavelet filter sequence
uy, v1, ..., uj, v; by the algorithm given above.

Suppose j € {1, 2,...,p}. Observe that

{ ﬂk}

is an orthonormal basis for V_; (orthonormality follows because
(N/Z) !y

(N/Z’) 1 (N/ZJ) 1

= {Ryxg}ie

the set (3.85) is orthonormal, and V_; = span {Ryigi};_
definition). Hence the orthogonal projection P_;(z) of z e *(ZN)
onto V_; (see Definition 1.97) is

(N/2)—1
PL(z)= Y (2909 (3.86)
k=0
We call P_;(z) the partial reconstruction at level —j of z. It represents
an approximation to z using only N/2 terms in the full expansion
of z in terms of a j"-stage wavelet basis. As we would expect, this
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approximation is more and more coarse for larger values of j. We
think of P_;(z) as the approximation to z “at level —;”
The orthogonal projection Q_;(z) of z onto

W_; =span{y ]k}(N/Z) = = span {Rygj}_ (N/Zl) !
is defined by
(N/2)—1
Q(2) = Z (z, Y- ) ¥k (3.87)
k=0

Recall (Lemma 3.26) that V_; @ W_; = V_;4, so {(p_]k}(N/Zf) 1y

1
RSN (N/Z) !is an orthonormal basis for V_jt1 (asis {g—j11, k}(N/ZI - 1);
hence,
(N/2)—1 (N/2)—1
P_j(2) = Z (2, 9—j)0—jx + Z (2, Vi) ¥—jk,
k=0 k=0

for any z € ¢*(Zy). Therefore
Pii(2) = PLi(2) + Qi(2) (3.88)

for j = 2,3,...,p. For convenience, set Vo = ¢*(Zy) and let P,
be the identity operator (i.e., Py(z) = z for all z). Then equation
(3.88) is true even for j = 1 since {g_1 A U (g g N2 =
{Ryr1n }N/2 Tu {RZkul}kzo_l is an orthonormal basis for ¢*(Zy), by
Theorem 3.8. We regard Q_;(z) as containing the “details at level
—j + 1” needed to pass from P_;(z), the level —j approximation of z,
to P_j11(2), the level —j + 1 approximation.
Let

Jj
R(2) =) Q(2).
(=1

Then applying equation (3.88) inductively, we obtain z = Py(z) =
P_1(2)+ Q_1(2) = P_3(2) + Q_2(2) + Q-1(2) and so on, until

Jj
z2="P(2)+ Y Qi(2) = P(2) + R (2),

=1
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for eachj =1, ..., p (this can also be seen from the fact that the set
(3.85) is an orthonormal basis for ¢*(Zy)). Thus R_;(z) is the error
made in approximating z by P_;(2).

In this section, we first consider some examples of wavelet bases.
Later we describe some basic compression examples.

Example 3.32

(The Haar system) In Exercise 3.1.2, we considered the first-stage
Haar system. Here we consider the general p-stage Haar system,
obtained from the first stage by the procedure just described, using
repeated filters. Suppose N is divisible by 27. Define

1 1
w=(—,—00..0
! (ﬁﬁ )

and

1 1
v=(—,~-—00..0).
: <ﬁ V2 )

We saw in Exercise 3.1.2, that u;, v; form a first-stage wavelet basis.
Define uy, v¢ by equation (3.82) for 2 < £ < p. We can show (Exercise
3.3.1 (i) that

udO)z%,w(l):%, and w(n)=0 for 2 <n < % -1,
(3.89)

1 1 N
v¢(0) = ﬁ,l)g(l) = —E, and vy(n)=0 for 2<n < =y i 1
(3.90)

Then equations (3.83), (3.89), (3.90), and an induction argument
(Exercise 3.3.1 (iii)) lead to

272 n=0,1,...,2" =1
fim)y =14 —27Y2, n=201 2141, 20— 1 (3.91)
0 n=224+1,... N—1

)

and

272 n=0,1,...,20 =1

gf(”):{ 0, n=202041,... N—1, (3.92)
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for¢ =1,2,...,p.Hence (Exercise 3.3.1 (iv)) fork = 0,1, ..., (N/25)—

2742 n=2%2%41,... 2%k+271 =1

Vo) =14 =272 n=2%+21 2%+ 2 41, 2%+ 20— 1
0, n=0,1,..., 2%k —1;2%+2¢ ... N—1
(3.93)
and
2712 =22k +1,... 2%k +2¢ -1
g"“'k(”):{o, n=01,...,2k—1;2k+2¢20+1,... N—1.

(3.94)
For the Haar system, the reconstructions at level £ have a simple
interpretation. One can show (Exercise 3.3.1 (v)) that for 2k < n <
20k 4+ 26 —1,

P_y(2)(n) = % [2(2%) + 22k + 1) + - - + 2(2°k + 2° — 1)].

(3.95)
In other words, P_y(z) is obtained from z by replacing the 2°
consecutive values of z on the segment n = 2k, 2%k +1,...,2°k +

2¢ — 1 by their average. We regard P_,(z) as z seen at a resolution
of 2¢. By equation (3.88), Q_; contains the information needed to
upgrade the approximation from a resolution of 2¢ to one of 2¢71.

Example 3.33

(Shannon wavelets) In Example 3.10, we considered the first-stage
Shannon basis. Calling the u and v there u; and vy, respectively, we
define uy, vy € EZ(Z?/%) by equation (3.82). Then equation (3.79) and
its analog for U, imply that

N
ﬁé(”)_ \/zy 2eFT §n§2£ 1 —1
= N 3N N
0, O=sn=sgm-Ligm=n=gz=-1
and
N . 3N N
f(n) = V2, 0snsm -2 <n<sh -1
= N 3N
0; 20FT =N=om —1

Since iy and Dy have period N/2¢7!, these formulae define them
for all n. Define f; and g by equation (3.83), and ¥_;x and ¢_;« by
equation (3.84), forj = 1,2,...,p (where N is divisible by 2/t
Then ‘}—1,0 =0y and ¢_1 = ty. For £ > 2, Exercise 3.2.1 (ii) leads
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(Exercise 3.3.2) to

22/27 %Snf%_lr
~ N—-Y<pn<N-2N_1
_ Zl_ — ZK-H
V-o=170  g<n< o1 Y<n<nN-r,; 9
N—-Sf<n<N-1
and
e/2 N N
, 0<n<sx—-1,N—s57x<n<N-1
90@,0(71)—{ 0 %<n2<(+z1\7— N I (3.97)
! 26T = 7 = 20+1 :

Thus 12/_1,0 is nonzero only on the highest N/2 frequencies, 1}_2,0
is nonzero only on the next highest N/4 frequencies, and so on,
down to ¢_, o, which is 0 except at the lowest N/2” frequencies. By
Lemma 2.13, similar remarks hold for the translates ¥_;x and ¢_, 1.
Thus the partial reconstruction P_,(z) consists exactly of the lowest
N/2?P frequencies of z, P_,1,(z) the lowest N/2P~! frequencies, and
so on. In this case the partial reconstructions give a filtering out of
the high frequencies, to varying degrees.

Example 3.34

(Real Shannon wavelets) In Example 3.11 we constructed the first-
stage real Shannon wavelet basis. It was a minor modification of the
first stage Shannon basis that had the advantage that the basis vectors
were all real valued. By applying the iteration procedure previously
described to this basis, we can obtain a real-valued p"-stage wavelet
basis with structure very similar to the Shannon basis. Let u; and
v be the u and v of Example 3.11. Define u, and v, by equation
(3.82), fr and g by equation (3.83), and ¥_jx and ¢_; by equation
(3.84). Then @,1,0 = D and ¢_; o = &t are as given in Example 3.11.
For £ > 1, a calculation (Exercise 3.3.3) similar to the one for the
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Shannon wavelets in Example 3.33 shows that

2(@—1)/2, n:%,N—%
212, FrHl<n<f-1
N-Z+1<n<N-45-1
. 200-1/2; N
— ) 2t
V_t0(n) = G n:N—% (3.98)
0, 0<n<gr—1
FH+l=n=<N-L -1
N-25+1<n<N-1
and
2v2, 0<n<zr-1
N-—DN 4+1<n<N-1
2é+l — —
Pogo(m)y =14 2V p= (3.99)

G n=N-2
0 s +1<n<N-Z7-1

)

Figure 22 shows the graphs of a few 4 level real Shannon wavelet
basis functions ¥_jx, j = 1,2,3,4, and ¢_4%, for N = 512. At each
level, the translation parameter k has been picked so that the basis
function is centered in the middle of the range. Note how well
spatially localized the high-frequency basis function v¥_; 128 is
(Figure 22a). Thereafter ¥_; ¢4 is relatively localized (Figure 22b),
V_3 32 less localized (Figure 22c), and ¥4 16 (Figure 22d) and ¢_4 16
(Figure 22e) even less so. Note that the 4-level wavelet basis
consists of 256 translates by 2 of ¥_; o; 128 translates by 4 of ¢_, o; 64
translates by 8 of ¥_3 o; 32 translates by 16 of ¥/_4 ¢; and 32 translates
by 16 of ¢_40. In Figure 22f, we have plotted the magnitude of the
DFT of the first-generation wavelets ¥_; i (because they are related
to each other by translation, their DFTs have the same magnitude
at every point, by Lemma 2.13). We already knew that the graph
should look like this, by the definition of 0 = 1},1,0 in Example 3.11,
but we have included the graph for comparison with Example 3.35.
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Figure 23 shows an example of a signal z and the magnitude of
its DFT. The signal (Figure 23a) is

0, 0 <n<127
sin (“2), 128 < n < 255
2(n) = 0, 256 < n < 383 (3.100)
sin ("552°), 384 <n < 447
0, 448 < n < 511,

For the first interval in which z is not identically 0 (n such that
128 < n < 255), the rate of oscillation of z is increasing as we move
from left to right. Also, the oscillation of z is more rapid in the second
nontrivial interval (n such that 384 < n < 447). So we expect
that there is a substantial range of frequencies present in z. This is
reflected in the magnitude of the DFT of z (Figure 23b): the two outer
humps show the existence of a low-frequency component (from the
first interval, although the magnitude of the DFT does not tell us
which portion of the signal contributes this low-frequency part),
and the two inner humps show that there is a higher frequency
component (from the second interval).

Figure 23 should be compared with the graphs in Figure 24, which
show the 4" level real Shannon wavelet coefficients of z in equation
(3.100) (z is plotted again in Figure 24a). In Figure 24f, we plot
the value of (z,¢_4x) at the point 24k, since Q_s4r = Ryugy is
centered around the point 2*k. This graph shows the coefficients of
the lowest frequency wavelets; note that we get fairly large values
near the left portion of the first interval 128 < n < 255, where
the lower frequency part of z occurs. Figures 24 b-e show the
other levels of wavelet coefficients, each time with the value of
the wavelet coefficient (z, ¥_;) plotted above the point 2k where
the corresponding wavelet basis vector is centered. In Figure 24e
(plotting (z, ¥_4 1)), we see that the next higher frequency wavelet
coefficients are still mostly concentrated on the left portion of
the first interval. Figure 24d shows somewhat higher frequency
coefficients (z, ¥_3 k), which are concentrated more on the right half
of the interval containing the lower frequency component. This is
due to the increase in the frequency of z from the left to right of the
first interval. The two highest frequency sets of coefficients (z, ¥_ x)
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FIGURE 23 (a) z, (b) Magnitude of 2

and (z, ¥, x) in Figures 24b and 24c are mostly large on or near the
second interval 384 < n < 511. The exception is that there are a few
large high-frequency wavelet coefficients near the endpoint n = 255
of the first interval; this is due to the more rapid jump of z there due
to the cutoff of the graph at 255. The main point is that the wavelet
coefficients give a sense not only of which frequency levels make
up the signal, but which locations in the signal require the different
frequencies. Thus the wavelet coefficients give a simultaneous space

and frequency analysis of a signal.
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The role of the wavelet coefficients at different levels is further
clarified by Figure 25, which shows the partial reconstructions, in
the real Shannon wavelet basis, of the vector z from Figure 24a.
Figure 25a is the graph of the vector

31
P_y(2) = Z(Z, P—ak) -,
k=0

as in equation (3.86). Thus Figure 25a exhibits the portion of the
wavelet expansion of z corresponding to the coefficients plotted in
Figure 24f. Roughly speaking, these are the lowest frequency terms
in the wavelet expansion. This is why the portion of the vector z
that is best reconstructed by this part of the expansion is the portion
from about n = 128 to about n = 170, where z is oscillating relatively
slowly. The partial expansion corresponding to the coefficients in
Figure 24e is

31
Qa(2) =D (2, Voap) oap,
k=0
as defined in equation (3.87). By equation (3.88), the next level
projection is

P_5(2) = Q4(2) + P4(2).

The vector P_3(z) is plotted in Figure 25b; it is made up of the terms
in the wavelet expansion of Z corresponding to the coefficients in
Figures 24e and 24f. Thus it contains the information in the two
lowest frequency levels of the wavelet expansion. This is exhibited
by the picture, as the next lowest level of oscillation of the vector z
begins to show up. In Figure 25c¢, we plot P_,(z), corresponding to
the coefficients in Figures 24d-f, which includes the next lowest
frequency level. Figure 25d shows P_;(z), including all but the
terms coming from the highest frequency wavelet coefficients in
Figure 24b. Note that the more slowly oscillating segment of z (for
128 < n < 255) is relatively faithfully reproduced, except for the
right edge (points near n = 255), where the cutoff requires higher
frequency terms for synthesis. Somewhat unexpectedly, P_;(z) does
a better job of approximating z near the right endpoint of the region
384 < n < 447 than near the left endpoint. This is similar to
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the situation in Figure 6: although formula (3.100) suggests more
rapid oscillation near the right endpoint, this cannot be seen on the
discrete scale n = 0,1,...,511. On the discrete scale, z is actually
made up of lower frequency terms near n = 447 than near n = 384.
Figure 25e shows Py(z), which we define as in equation (3.88) by

Po(2) = Q-1(2) + P-1(2).

Of course, Py(z) is the full reconstruction of z from all its wavelet
coefficients, so it should just be z. We carried out the computation of
the wavelet coefficients and the partial reconstructions on MatLab,
so Figure 25e is a test of our algorithm. Visually, it seems to agree
with the original in Figure 24a. To be more precise, we use MatLab to
plot the difference E = z — Py(z) in Figure 25f. The most important
thing to notice in this picture is the symbol x10~!* above the upper
left corner of the box bounding the graph. It shows that the scale
on the y—axis is plotted in multiples of 10~!*. Thus the error in
the reconstruction is less than 107'* at every point; this error is
a consequence of round-off error resulting from the computer’s
inability to do computations to an infinite degree of accuracy. From
Figure 25 we get a sense of the information regarding z that is
contributed by each level of wavelet coefficients.

Example 3.35
(Daubechies’s D6 wavelets on Zy) The real Shannon wavelet system
was designed to divide the frequency scale very sharply. Thus the
real Shannon wavelets have well-localized DFTs. Ingrid Daubechies
constructed families of wavelets that are very well localized in space
rather than in frequency. Her construction was originally done in
the contexts of Z (see section 4.7) and R (see section 5.5), but here
we adapt her construction to Zy.

We assume that N is divisible by 27, for some positive integer
p, and that N/2 > 6. Let M = N/2. Our goal is to construct
u € {*(Zy) such that u has only six nonzero components and
satisfies equation (3.15). Then we apply Lemma 3.12 to find v so
that {Rzkv}k:_o1 U {Rzku}i/fz_o1 is a first-stage wavelet basis for ¢*(Zy).
We begin with the trivial identity

(cos2 (%) + sin® (%))5 =1 forall n.
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Expanding this out, we have
m m m m m
cos' (—) + 5cos® (—) sin® (—) + 10 cos® (—) sin? <—>
N N N N N

4 (TN . 4 (TN 5 (TN . g (TN 10 (T
+10 cos F sin F +5cos F sin F +sin F =1.
(3.101)
Define

n n mn n n
b(n) = cos™ (n—)—i-S cos® (n_) sin® (—)+10 cos® <T[_> sin? <7r_> .
N N N N N
Note that

cos (W) = cos (%n + %) = —sin (%)

and similarly
, (n(n—l—M)) (nﬂ)
sin( ———= ) =cos(—).
N N

mn mn n
+5 cos? (—) sin® (—) + sin'® (—) .
N N N

Thus by equation (3.101),

Hence

b(n)+b(n+M)=1 forall n.
We select u € €%(Zy) so that
[i(n)|* = 2b(n). (3.102)
Then we have
lam)|* + la(n+M)|* =2 forall n=0,1,..., M —1,

that is, condition (3.15).

We could obtain equation (3.102) just by setting u = (+/2b)
(where +/2b is the vector whose value at n is /2b(n)), but this would
not give us a vector u that is nonzero only at six points. Instead,

v
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following Strichartz (1993), we write
b(n) = cos" (%) [0054 (%) + 5 cos? (%) sin’ (%)
+10 sin* (%”)]
-t () [ 7)o ()
+(5+2v/10) cos” (2 ) sin? (37 ) |
Define it € £*(Zy) by
() = V2e~"N cos” (T2) [eos® (57 ) = vI0sin? (T)
+iy/5 + 24/10 cos (%) sin (%)] .

Then equation (3.102) holds. By applying Euler’s formula and the
double angle identities, we can write

) o ) emn/N + e—um/N
u(n) — ﬁe 2m4n/N63mn/N ( >

1 2 «/ 2
X |:— (1+cos( jm)) — <1—cos (_rm))
2 N 2 N
5 —|— 2 T
+i— sm E—
S ()
To simplify the notation, let

a=1-+10, b=1++/10, and c=\/5+2\/ﬁ.

Using Euler’s formulas further, we obtain

I—l

l’/\t(n) — ge—ZHﬂU’l/N(eZHiH/N + 1)3

% |:% + Z(szn/N + e—Zm’VL/N) + g(ezmn/N . e—Zm'n/N)i| ]
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At this point we can see that

5
fi(n) =Y u(kye N, (3.103)
k=0
for some numbers u(0), u(1), ..., u(5). Multiplying out and doing the
algebra gives

u = (u(0), u(1), u(2), u(3), u(4),u(5),0,0,...,0)

NG
:g(b+c,2a+3b+36,6a+4b+20,
6a + 4b — 2¢c,2a +3b —3c¢,b —¢,0,0,...,0).

Hence we obtain u € ¢*(Z) such that equation (3.15) holds.

Define v € (*(Zy) by v(k) = (=1 'u(1 — k) for all k, which
agrees with equation (3.22) since u is real. By Lemma 3.12, u and v
generate a first-stage wavelet basis for €%(Zy).

To be explicit,

p(0) = —u(1), (1) = u(0), (N — 4) = —u(5),
V(N — 3) = u(4), v(N — 2) = —u(3), »(N — 1) = u(2),

and v(n) =0 for 2 <n < N — 4. That is,
v = (—u(1),u(0),0,0,...,0,0,—u(5), u(4), —u(3), u(2)). (3.104)

Hence v also has only six nonzero entries.

Notice that this works for any N > 6, and u and v at different
levels have the same form, the only difference being the number of
zeros in the vectors u and v. Thus we can define u;, v, € ¢*(Zy) of
this form, then uy, v, € €%(Zy,7) similarly, down to w,, v, € €*(Z%,,,)
(recall we assumed that N/27 is an integer larger than 6). This is
what we would obtain by the folding lemma (Lemma 3.30) also.
We now follow Recipe 3.29 to obtain a p stage wavelet basis: define
fi =v1,81 = u;, thendefine f; and g, for 2 < £ < pby equation (3.83),
and ¥_; x, 9—px by equation (3.84). We call the resulting orthonormal
system Daubechies's D6 wavelet basis for £*(Zy), where the “6” refers
to the number of nonzero components of u and v. Daubechies
constructed a similar basis with 2L nonzero components, for each
positive integer L (see Exercise 3.3.4 for the case of D2, which are
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the Haar wavelets, and Exercise 3.3.5 for D4). For different values
of L, these wavelets have slightly different properties, as we discuss
when we come back to this subject in the context of R in chapter 5.

The case N = 512 and p = 4 is illustrated in Figure 26. These
plots should be compared with the corresponding plots for the
real Shannon wavelet basis in Figure 22. In Figure 26a we have
plotted the first-generation wavelet ¥_; 123, which is the same as
Rys6v1. However, since this vector has only six nonzero components,
we have restricted the plot to the small interval 245 < n <
265 containing those nonzero components. The graphs appear
continuous because we have used connect-the-dots graphs in Figures
26 a-e, for consistency, because such graphs look better on a scale
of 511. However, in Figure 26a we have superimposed an “x” plot
to show that ¥_; 128 has only 6 nonzero components. The second
generation wavelet plotted in Figure 26b has 16 nonzero values,
and the third generation wavelet in Figure 26c¢c has 36 nonzero
components. For these we have continued to restrict the graph to a
small portion of the full domain 0 < n < 511. For Figures 26d and 26e,
which depict ¥_4 15 and ¢_4 16, respectively, we have plotted the full
domain so that the degree of localization can be clearly seen. These
vectors have 76 nonzero components. By comparing with Figure 22,
we see that the D6 wavelets are much more sharply localized in
space than the real Shannon wavelets. On the other hand, the D6
wavelets are not as precisely localized in frequency, as we can see
by comparing Figure 26f (showing the magnitude of the DFT of a
first-generation D6 wavelet) with Figure 22f (a corresponding plot
for a first-generation real Shannon wavelet).

In Figure 27, we plot the D6 wavelet coefficients of vector z
defined previously and studied in Figure 24. The coefficients are
plotted in the same order as in Figure 24. We see that the basic
features of the two sets of pictures are similar; the highest frequency
wavelet coefficients (the terms (z, ¥_; ,)) are largest near the most
rapidly oscillating portion of z, and as we go down in level (and
hence in frequency) the wavelet coefficients are sensitive to the
more slowly oscillating portions of z. Thus the two different wavelet
systems (real Shannon and D6), although constructed on very
different principles, give roughly the same information. The main
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difference in the two sets of graphs is that many of the D6 wavelet
coefficients are 0, instead of just being small as in the case of the
real Shannon basis. This is because the vector z has large intervals
in which it is 0. If we have a wavelet ¢ such that all its nonzero
coefficients occur in an interval where z is identically 0, then the
wavelet coefficient

(2, ¥y = Y 200 Yy(m)

n

will be 0, because at every n, either z(n) = 0 or ¥;x(n) = 0. This is
the advantage of having such a highly localized basis.
In Figure 28a, we have plotted the vector

1—& 0<n<63

o) — 0, 64 <n <255
() = 5— 4 256 <n <319
0 320 < n < 511.

’

In Figures 28b-f, we have plotted the D6 wavelet coefficients of
z at different levels. Note that the highest frequency wavelet
coefficients (corresponding to ¥_;x, 0 < k < 255) have only a few
significantly large values, corresponding to the edges of the two
spikes in z. As we move down to lower frequency wavelets (those
with more nonzero components) we see more significant values in
a slightly larger region than just where z is nonzero. There are two
important observations to make regarding this example. The first is
that in Figures 28c-f, we see nonzero wavelet coefficients near the
right edge of the picture (near n = 511), despite the fact that the last
nonzero component of z occurs at n = 319. This is because we are
working on Zy, where every vector should be regarded as periodic
with period N. Thus we should regard z as having another spike just
to the right of the picture, which is the reason the wavelets located
near the right edge yield nonzero coefficients. This will no longer be
the case when we consider wavelets on Z in chapter 4. The second
major observation regarding Figure 28 is that very few of the D6
wavelet coefficients are significantly large. Thus it should not take
very many terms in the D6 wavelet expansion to approximate z very
accurately. The essential information about z can be contained in
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only a few D6 wavelet coefficient values. This leads to one of the
major applications of wavelets, namely compression.

Figures 29-34 show the results of some basic compression
experiments. In each figure, the top left graph is a signal z, which
belongs to (ZZ(Zslz) and hence is represented completely by 512

numbers. For any orthonormal basis B = {v;}7L, we have

7= Z(z, V) v;. (3.105)

We select some number K, the number of terms we will use for our
compressed approximation to z; for example, in Figure 29, K =
20. We sort the coefficients (z, v;) in order of magnitude, and use only
the terms in the expansion corresponding to the K largest ones. In
other words, if S is the set consisting of the K values of j for which
I{z, v;)| is the largest, we approximate z by

w= Z(Z, v;) Vj. (3.106)
jes

(For the case of “ties” where more than one coefficient has the
borderline value, we arbitrary choose to use the terms with highest
index until the correct number K of terms is obtained. A different
choice from among the ties would yield a different picture, but
the same relative error, as described below.) This is the best
approximation possible using only K of the terms in equation (3.105).
Results of this compression procedure are plotted for four
different bases in Figures 29-34. The four bases used are the
Fourier basis, the real Shannon basis, Daubechies’s D6 basis, and
the Euclidean basis. For the Euclidean basis, this compression just
amounts to zeroing out all values below the K largest (in absolute
value). For the Fourier basis, it is possible for the approximation w to
have nonzero imaginary part, but since we have selected the original
vector z to be real, the imaginary part is part of the error in w. So
we have plotted only the real part of the approximation w for the

Fourier basis.
We define the error made in approximating z by w as ||z —w||. We
define the relative error as ||z — w||/||z||. This adjusts for the size of z,
giving an absolute scale that can be used to compare the compression
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of different signals. In Figures 29f, 31f, 32f, 33f, and 34f, we have
plotted the relative error for each type of basis as a function of K, the
number of terms in the approximation. The four graphs correspond
to the four bases as follows:

solid line: D6 basis

dotted line: real Shannon basis
dashed line: Fourier basis
dash-dot line: Euclidean basis

In Figure 29a, the original vector z is the same “double spike” as
in Figure 28a. For Figures 29c-e, we take K = 20. The relative errors
for these cases are:

Figure 29b, Fourier basis: Relative error .2431
Figure 29c, real Shannon basis: Relative error .1694
Figure 29d, D6 basis: Relative error .1238

Figure 29e, Euclidean basis: Relative error .7767.

Figure 29f displays the graphs of the relative errors. In this case
we present only the graph for 1 < K < 300 because the graphs are
too small to be visible for K > 300. In Figures 30b-e, we consider
the same original vector z but we increase K to 75. The relative errors
are:

Figure 30b, Fourier basis: Relative error .1223
Figure 30c, real Shannon basis: Relative error .0650
Figure 30d, D6 basis: Relative error 5.55 x10~1°
Figure 30e, Euclidean basis: Relative error .2709.

These results confirm our intuition from the graphs that
Daubechies’s D6 basis does very well at compressing z. This is
because of the sharp localization of the D6 wavelets and the fact
that z is zero such a large proportion of the time. The result is that
many of the D6 wavelet coefficients are zero or very small. When
we compress, we omit the corresponding terms from the expansion
(3.105), but since these coefficients are very small this has little
effect. To put it another way, the D6 compression does not waste
terms on the part of the graph where z is zero. Interestingly, the
D6 expansion is virtually perfect with K = 75 terms, although
the vector z has 128 nonzero components. This is because the
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multilevel structure of the wavelet basis allows one lower frequency
wavelet to carry information about a number of points. The real
Shannon wavelets, being somewhat localized, do fairly well, but
not as well as the D6 basis. The Fourier basis has difficulty dealing
with large jumps, because the basis exponentials e*™'N come from
very smooth functions. It takes many large high-frequency terms
to synthesize a big jump, resulting in poor compression. This is
further demonstrated in Figure 30f, when we consider the Fourier
compression with K = 200 terms. Even with such a large number
of terms, the approximation is not good near the large jumps of
z, and the relative error in this case is .0512. Compression with the
Euclidean basis does the obvious thing; it keeps the K largest values.
That gives a perfect reconstruction of this particular z once K > 128,
but for small values of K the approximation is not very good.

In Figure 31 we consider the signal z from Figures 23, 24 and
27. This signal is more difficult to compress, so we have taken
K =75, and the relative error in Figure 31f is shown over the entire
interval 1 < K < 512. For K = 75, the relative errors are:

Figure 31b, Fourier basis: Relative error .5899
Figure 31c, real Shannon basis: Relative error .2062
Figure 31d, D6 basis: Relative error .0763

Figure 3le, Euclidean basis: Relative error .5393.

The vector z has both spatial localization (being zero on a
major part of its graph) and frequency localization (being made up
primarily of two major frequency ranges), as shown in Figure 23b.
Hence the two wavelet bases do a good job of compressing it. The
D6 basis has the advantage of being able to more effectively ignore
the regions where z is zero.

In Figure 32a, the signal

z(n) = sin(n'~/64)
is plotted. It is a chirp of steadily increasing frequency. The relative

errors for K = 50 ar